Variational Bounds and Sensitivity Analysis of Traffic Processes in Continuous Flow Models

Y. Wardi^∗ and B. Melamed^†

Abstract

This paper is concerned with functional variations in processes associated with Continuous Flow Models (CFMs). The considered CFMs are characterized (defined) by their inflow-rate process, service-rate process, and buffer size, and have associated with them various derived processes such as the workload (buffer contents), outflow and overflow processes. The paper’s main result is comprised of Lipchitz continuity of the mappings between the defining processes and the derived processes. This result is extended from single-flow CFMs to multi-flow CFMs, where it is used to establish the unbiasedness of IPA for workload-related and loss-related performance functions.

Key words. Continuous Flow Models, sensitivity analysis, IPA.

∗Georgia Institute of Technology, School of Electrical and Computer Engineering, Atlanta, GA 30332._†

Rutgers University, Faculty of Management, Department of Management Science and Information Systems, Piscataway, NJ 08854.

1 Introduction

Continous flow models (CFM) provide an alternative modeling technique to queueing networks in various application domains, such as telecommunications and manufcturing [1, 7, 12, 14, 17]. The CFM is a “fluidized” queue whose inflow process, service process and outflow process are characterized by flow rates, and the workload process (buffer content) is defined by the fluid volume stored in the buffer. The buffer may be finite (limited) or infinite (unlimited). If the buffer is finite and full, excess fluid that cannot be absorbed is turned away and considered lost. Figure 1 shows a typical CFM whose inflow rate and service rate are denoted by α(t) and β(t), respectively; c denotes the buffer size; x(t) denotes the workload; δ(t) denotes the outflow rate; and γ(t) denotes the overflow rate due to finite buffer.^1

Our motivation is derived from high-speed, packet-switching and cell-switching telecommunications networks. Here, a cell (or packet) may be likened to a molecule in a fluid flow in that its effect on the teletraffic stream is virtually infinitesimal, thereby justifying a CFM representation. The idea of using CFM to model data traffic goes back almost two decades to [1], and [7], which employed simple CFMs to analyze multiplexed data streams. More recently, CFMs have been considered for simulation of high-speed networks [5, 8, 23], and shown to possess some advantages and some disadvantages as compared to queueing models [10].

This paper is concerned with variational bounds on the mappings between various processes associated with CFMs. Specifically, a CFM often is characterized by its inflow rate, service rate and buffer size, from which other processes, like the workload, outflow rate and overflow rate are derived. Correspondingly, we call the processes characterizing the CFM’s behavior defining processes, and we label the processes computable from the defining processes the derived processes. Our primary objective here is to establish continuity, in a suitable topology, of the mappings from the defining processes to the derived processes. In particular, we compute Lipschitz bounds on these mappings, and demonstrate them to be sharp in some cases. Starting with single-flow CFMs we later extend the results to multi-flow CFMs as well.

Consequent to the above Lipschitz continuity of the interprocess mappings, we establish the unbiasedness of IPA for a number of performance measures defined in the CFM setting. In particular, we consider the loss volume and the average workload in multi-flow CFMs, chosen for their simplicity and importance in the study of telecommunications networks. We point out that, in the queueing setup, such performance measures tend to give biased IPA estimators, and although alternative perturbation-analysis techniques can be employed (like SPA), they typically require more computing efforts than IPA.

A CFM can be viewed as a dynamical system whose state is the workload process (see Section 2). Many performance measures of interest, such as loss volumes and sojourn times, can be expressed in terms of the workload trajectory. Consequently,

1The explicit dependence on t is omitted in Figure 1.

establishing the Lipschitz continuity of the mappings between the defining processes and the workload process can lead to unbiased IPA estimators for various performance functions. Furthermore, low-complexity SPA estimators may be obtained for performance measures with discontinuities in the terminal reward, as long as the state variables are continuous (see, e.g., [19] for examples and discussion of this point in the queueing setting). We shall not, however, pursue this issue any further in this paper, but defer it to a forthcoming publication. Our goal in this paper is just to establish the Lipschitz continuity of the inter-process mappings in single-flow CFMs and some multi-flow CFMs, and derive some applications to the unbiasedness of IPA.

IPA has been considered in the context of fluid-flow networks in manufacturing applications, and especially in transfer lines, where it was shown to give unbiased derivative estimates [12, 14, 16, 17, 22]. Extensions to continuous-flow Petri networks were made in [21]. An interesting telecommunications application to traffic throughput in an ATM switch was considered in [11]. The approach in this paper is different in that it is based on general functional variational bounds, which may be applicable to a variety of CFM networks and performance functions. Such extensions and applications may be considered in the future.

The rest of the paper is organized as follows. Section 2 presents the models and establishes notation. Section 3 considers single-flow CFMs and derives Lipschitz bounds for mappings between their defining processes and derived processes. Section 4 extends results of Section 3 to multi-flow CFMs, and applies them to establish unbiasedness of IPA for special cases. Finally, Section 5 summarizes the main results derived throughout the paper. The appendix contains proofs of propositions stated but left unproven in the main body of the paper.

2 Continuous-Flow Models (CFM)

Consider the fluid model shown in Figure 1. Here α(t) denotes the inflow rate, β(t) is the service rate, and c(t) denotes the buffer size, all at time t (the explicit dependence on t is ommited in the figure). The time horizon is an interval [0, T ] for some given fixed T > 0. We allow the buffer size c(t) to be time dependent since it simplifies the analysis to come, as we shall later see. The processes {α(t)}, {β(t)} and {c(t)} are assumed to be random processes defined on a suitable probability space (Ω, F, P ), where a sample point (sample path) is denoted by ω. The following will be implicitely assumed throughout the paper.

Assumption 2.1 With probability one:

(i) The sample paths of {α(t)} and {β(t)} are piecewise continuously differentiable in the interval [0, T ].

(ii) The sample paths of {c(t)} are continuous and piecewise continuously differentiable in the interval [0, T ]. 2

We remark that “piecewise continuously differentiable” means that realizations of the above processes have finite numbers of (possibly sample-path dependent)discontinuities in the interval [0, T ], and they are continuously differentiable on their continuity intervals.

The processes {α(t)}, {β(t)} and {c(t)} are called the defining processes, since they define much of the behavior of the CFM. In a similar vein, the derived processes are those defined in terms of the defining processes. Accordingly, Figure 1 depicts three derived processes: the workload x(t), the outflow rate δ(t), and the overflow rate γ(t). These derived processes are defined in terms of the defining processes as follows:

dx(t) dt^+ = � � � 0, if x(t) = 0 and α(t) ≤ β(t) ċ(t), if x(t) = c(t) and α(t) − β(t) ≥ ċ(t) α(t) − β(t), otherwise;

(2.1)

δ(t) = � β(t), if x(t) > 0 α(t), if x(t) = 0;

(2.2)

γ(t) = � α(t) − β(t) − ċ(t), if x(t) = c(t) and α(t) − β(t) ≥ ċ(t) 0, otherwise. (2.3)

We observe that for the constant buffer size, we have ċ(t) = 0, and Eqs. (2.1) and (2.3) are then reduced to simpler and more familiar special cases.

A basic CFM is defined by a set of defining processes, subject to Assumption 2.1, and has associated with it a set of derived processes given by Eqs. (2.1) – (2.3). To ensure a unique solution for Eq. (2.1) we impose the initial condition x(0) = 0. The basic CFM is a dynamical system whose state trajectory consists of the workload process x(t). It is assumed to have a single-class flow. Multi-flow CFMs with various multiplexing and priority schemes can be represented by multiple interacting basic CFMs. This will be shown to simplify the analysis of multi-flow CFMs and enhance the general scope of the obtained results. The next two simple lemmas will be employed in the subsequent analysis.

Lemma 2.1 For the basic CFM, the following equation holds.

�_T 0 α(τ) dτ =

�_T 0 δ(τ) dτ +

�_T 0 γ(τ) dτ + x(T ). (2.4)

Proof. Follows immediately from Eqs. (2.1) – (2.3). 2

Lemma 2.2 For a basic CFM, fix any t_1 ∈ [0, T ] and t_2 ∈ [t_1, T ]. (a) If x(t) < c(t) for every t ∈ (t_1, t_2), then x(t_2) − x(t_1) ≥

�_{t2}

t_1 [α(τ) − β(τ)] dτ.

(b) If x(t) > 0 for all t ∈ (t_1, t_2), then x(t_2) − x(t_1) ≤

�_{t2}

t_1 [α(τ) − β(τ)] dτ.

Proof. Follows immediately from Eq. (2.1). 2

Various performance measures of interest can be formulated in terms of the processes associated with the CFM. In particular, the loss volume and average workload are relevant measures in the context of telecommunications networks. The loss volume, denoted by L, is defined by L = �_T 0 γ(τ)dτ,

and the average workload, denoted by x̄, is given by

x̄ = 1 T �_T 0 x(τ) dτ.

The concept of delay, or sojourn time, is less clear since the CFM does not have individual jobs associated with it. However, we can define the virtual delay of a “molecule” that arrived at time t by the amount of time that “molecule” would stay in the buffer. Denoting this virtual delay by s(t), it is readily seen that

s(t) = min{s ≥ 0 : x(t) =

�_{t+s} t β(τ) dτ}. (2.5)

The average (virtual) delay can be obtained either from Eq. (2.5) or from the average workload and a variant of Little’s law.^2 As we shall shortly see, the virtual delay will play a role in the analysis of multiflow CFMs.

Multi-flow CFMs often can be represented by multiple interacting basic CFMs. To illustrate, consider the two-flow CFM shown in Figure 2, where the flows are multiplexed into a shared-server-shared-buffer CFM, and then routed to their respective destinations. The inflow-rate processes are {α_1(t)} and {α_2(t)}, respectively, while the common-server rate process is {β(t)}. The shared buffer’s capacity process is {c(t)}. For the multiplexing schemes to be discussed below, we will represent this multi-flow CFM by two interacting single-flow basic CFMs, as shown in Figure 3. To this end, the two inflow-rate processes of Figure 2 are labeled type-1 flow and type-2 flow, and their respective outflow-rate processes, overflow-rate processes and workload processes are similarly denoted by {δ_i(t)}, {γ_i(t)} and {x_i(t)}, i = 1, 2. The CFMs shown in Figure 3 have the same inflow-rate processes {α_i(t)} as in Figure 2.

Let us consider two priority schemes often arising in networking applications: preemptive priority of one fluid type over the other, and equal priorities. In either case we define the service rate processes {β_i(t)} and the buffer-size process {c_i(t)}, i = 1, 2, in Figure 3, in such a way that the resulting outflow, overflow and workload processes are identical to those obtained for the system shown in Figure 2. This procedure generalizes to multi-flow CFMs of more than two flows, with interacting, single-flow, basic CFMs serving as building blocks.

Preemptive priority. Suppose that type-1 fluid has preemptive priority over type-2 fluid in Figure 2. This means that, an arriving type-1 “molecule” will get ahead of any type-2 molecule in the shared buffer. In case of overflow, type-1 molecules always

2We thank a reviewer for pointing this to us.

push type-2 molecules out of the buffer; we remark that this scheme corresponds to some implementations of congestion control algorithms in ATM switches. Thus, the type-1 flow appropriates all the available service and buffer resources, whereas the type-2 flow is given whatever is left over. In Figure 3, this implies that

β_1(t) = β(t) c_1(t) = c(t),

while

β_2(t) = � 0, if x_1(t) > 0 β(t) − α_1(t), if x_1(t) = 0, c_2(t) = c(t) − x_1(t).

The last expression for c_2(t) demonstrates the representational power gained by letting basic CFMs admit time-dependent buffer size. In this example, the time dependence is a consequence of the fact that β_2(t) and c_2(t) depend on the state of the system associated with the type-1 flow.

Equal priorities. Suppose that the two flows in Figure 2 have equal priorities, so that fluid “molecules” that arrive simultaneously from the two flow sources would also depart simultaneously from the server. In other words, this is a continuous-flow analogue of the FCFS queueing discipline. Let x_i(t), i = 1, 2, denote the amount of type-i fluid stored in the common buffer at time t, and define x(t) = x_1(t)+x_2(t) and α(t) = α_1(t) + α_2(t). Thus, at each time instant t, x(t) is the total workload while α(t) is the combined inflow rate and β(t) is the common service rate. To simplify the exposition, we further assume here that the common buffer capacity is a constant, c(t) = c, t ∈ [0, T ], for some given c ∈ (0, ∞).

Fluid “molecules” from either flow arriving at time t will depart at time σ(t), defined by σ(t) = t + s(t),

where s(t) is defined by Eq. (2.5). The outflow rates of the two fluid streams at the departure time σ(t) are proportional to their respective inflow rates at time t. We now proceed to elaborate on this point by discussing separately the cases of an infinite buffer and a finite buffer.

Infinite buffer: c(t) = ∞ for all t ∈ [0, T ]. If σ(t) = t (namely, fluid “molecules” arriving at time t find an empty buffer), then necessarily α(t) ≤ β(t), and these “molecules” are immediately discharged at their corresponding arrival rates, α_i(t). If, however, fluid “molecules” arrive at a nonempty buffer, then the server necessarily discharges fluid at full capacity during the interval [t, σ(t)]. Let β_i(τ) denote the outflow rate of type-i fluid at time τ ∈ [t, σ(t)]. Then “molecules” that arrive at time t depart at time σ(t) at the rates β_1(σ(t)) and β_2(σ(t)), proportional to their respective arrival rates, namely,

β_i(σ(t)) β(σ(t)) = α_i(t) α(t)

, i = 1, 2.

Thus, the two-flow CFM may be represented by the two interacting basic CFMs shown in Figure 3, where the input rates {α_i(t)} are given, the buffer sizes are c_i(t) ≡ ∞ by assumption, and the service rates are

β_i(σ(t)) = α_i(t) α(t) β(σ(t)) i = 1, 2. (2.6)

Finite buffer: c(t) = c < ∞ for all t ∈ [0, T ]. Let γ_i(t) denote the overflow rate of type-i fluid, so that γ(t) = γ_1(t) + γ_2(t) is the combined loss rate. Overflow can occur only when the shared buffer is full and the combined inflow rate exceeds the service rate, that is, x(t) = c and α(t) > β(t). In this case, both fluid flows are subjected to overflow. Moreover, the two respective overflow rates have the same relative proportion as their arrival rates, namely,

γ_i(t) = α_i(t) α(t) γ(t) i = 1, 2. (2.7)

Let α̃_i(t) = α_i(t)−γ_i(t) denote the rate at which type-i flow is admitted to the buffer, and define α̃(t) = α̃_1(t) + α̃_2(t). ¿From Eq. (2.7) it follows that the rates at which the flows are admitted to the buffer are proportional to their arrival rates, namely,

α̃_i(t) α̃(t) = α_i(t) α(t) i = 1, 2.

Now, the two-CFM representation of the system, previously developed for the infinitebuffer case, holds for the present finite-buffer case, provided α_i(t) and α(t) are replaced by α̃_i(t) and α̃(t), respectively, in Eq. (2.6); Eq. (2.5) remains in effect. It remains to compute α̃_i(t), i = 1, 2. To this end we employ a third basic CFM, whose inflow rate, service rate and buffer capacity are, respectively, the combined rate α(t), the common rate β(t), and the common buffer capacity c(t) = c. The dynamics of this CFM yield the combined overflow process γ(t), whence γ_i(t) is derived via (2.7). Consequently, the modified inflow rates, α̃_i(t) = α_i(t) − γ_i(t), are readily obtained. All in all, the representation of the two-flow CFM of Figure 2 calls for an interacting set of three basic CFMs.

CFM networks can be configured by connecting various CFMs (often with multiple flows) and specifying routing and multiplexing rules. Multi-flow CFMs arise in virtual-path routing and priority-based resource allocation. This representation by means of interacting basic CFMs can be useful in analysis, as we shall see later on in Section 4.

3 Variational Bounds

This section establishes cintinuity of the mappings between defining processes and derived processes in the basic CFM. In particular, we derive Lipschitz constants which, in some cases, will be shown to be tight. The analysis here is carried out in a deterministic setup where the various processes associated with a basic CFM are considered as functions from a given interval [0, T ] into R^+. This setup arises in sample-path analysis where the functions involved are considered deterministic once the sample sequence is drawn.

Consider the basic CFM whose associated processes are viewed as functions from [0, T ] into R^+. Similarly to Assumption 2.1, we make here the following assumption.

Assumption 3.1 (i) The functions α(·) and β(·) are piecewise continuously differentiable in the interval [0, T ].

(ii) The function c(·) is positive valued, and continuous and piecewise twice-continuously differentiable in the interval [0, T ]. 2

By Eqs. (2.1)-(2.3), the function x(·) is continuous and the functions δ(·) and γ(·) are piecewise continuous.

We remark that the discontinuities of the functions α(·) and β(·) can occur at different points.

We will use the metric function spaces L^1 and L^∞ with the respective norms

||z||_1 =

�_T 0 |z(τ)| dτ,

||z||_∞ = max{|z(t)| : t ∈ [0, T ]}.

The unqualified norm ||z|| will stand for either one of the above norms. The L^1 norm will be used for the piecewise-continuous functions α(·), β(·), δ(·) and γ(·), while the L^∞ norm will be used for the continuous functions x(·) and c(·).

Let u(·) denote generically either one of the defining processes (functions), namely α(·), β(·) or c(·), and let y(·) denote either one of the derived processes (functions) x(·), δ(·) or γ(·) (we will employ the notation “defining processes” or “derived processes” for these functions, as appropriate). Now let us vary one, and only one of the defining processes u(·) to u(·) + Δu(·), while keeping the other two defining processes unchanged. This will result in variations in all three derived processes, from y(·) to y(·) + Δy(·). The Lipschitz continuity to be established is of the form

||Δy|| ≤ K ||Δu||,

with the appropriate norms, L^1 or L^∞, and suitable Lipschitz constants K. There are nine cases to consider: variations in the three derived processes for a variation in any one of the three defining processes. In the forthcoming we will derive these Lipschitz bounds. As a matter of notation, we refer to the CFM with the defining process u(·) as the nominal CFM, and to the CFM with the defining process u(·) + Δu(·), as the perturbed CFM. The nominal CFM and the perturbed CFM will be denoted by CF M_N and CF M_P , respectively.

Variations in the inflow rate. Let Δu(t) = Δα(t), that is, the functional variation is in the inflow rate function. We assume that Assumption 3.1 holds for both CF M_N and CF M_P .

To derive the requisite Lipschitz constants, we will need the following simple lemma.

Lemma 3.1 If for every t ∈ [0, T ], Δα(t) ≥ 0, then (a) Δx(t) ≥ 0, t ∈ [0, T ] (b) Δδ(t) ≥ 0, t ∈ [0, T ] (c) Δγ(t) ≥ 0, t ∈ [0, T ]

Proof. Follows immediately from Eqs. (2.1) – (2.3). 2

The next proposition shows that all three Lipschitz constants are equalt to 1.

Proposition 3.1 The following three inequalities hold, (a) ||Δx||_∞ ≤ ||Δα||_1 (b) ||Δδ||_1 ≤ ||Δα||_1 (c) ||Δγ||_1 ≤ ||Δα||_1

Proof. The proof consists of two steps. First, we prove the proposition under the restrictive assumption that Δα(t) ≥ 0 for all t ∈ [0, T ]. Second, we show that actually no loss of generality occurs under this assumption.

For the first step, suppose that Δα(t) ≥ 0, t ∈ [0, T ]. Applying Lemma 2.1 first to CF M_N and then to CF M_P , and taking differences, we obtain, for every t ∈ [0, T ],

�_t 0 Δα(τ) dτ =

�_t 0 Δδ(τ) dτ +

�_t 0 Δγ(τ) dτ + Δx(t). (3.1)

Since Lemma 3.1 ensures that Δx(t) and all the integrands in (3.1) are non-negative, we readily obtain the following three inequalities,

Δx(t) ≤

�_t 0 Δα(τ) dτ ≤

�_T 0 Δα(τ) dτ = ||Δα||_1, t ∈ [0, T ] (3.2)

�_T 0 Δδ(τ) dτ ≤

�_T 0 Δα(τ) dτ (3.3)

�_T 0 Δγ(τ) dτ ≤

�_T 0 Δα(τ) dτ (3.4)

Part (a) now follows from (3.2) by taking maxima over t ∈ [0, T ], while parts (b) and (c) are equivalent to (3.3) and (3.4), respectively.

For the second step, suppose that Δα(t) is general, (i.e., the assumption Δα(t) ≥ 0 does not necessarily hold). Define

α_{max}(t) = max{α(t), α(t) + Δα(t)}, α_{min}(t) = min{α(t), α(t) + Δα(t)}.

Consider now the CFM with inflow process (function) α_{min}(·) and the CFM with inflow process α_{max}(·), with all other defining processes being the same as before, and denote these CFMs by CF M_{min} and CF M_{max}, respectively. Let x_{max}(·) and x_{min}(·) be the resulting workload functions in CF M_{max} and CF M_{min}, respectively. Since for all t ∈ [0, T ], α_{min}(t) ≤ α(t) ≤ α_{max}(t) and α_{min}(t) ≤ α(t) + Δα(t) ≤ α_{max}(t),

the first monotonicity result of Lemma 3.1 implies for all t ∈ [0, T ],

x_{min}(t) ≤ x(t) ≤ x_{max}(t) x_{min}(t) ≤ x(t) + Δx(t) ≤ x_{max}(t)

¿From the two inequalities above we deduce

|Δx(t)| ≤ x_{max}(t) − x_{min}(t), t ∈ [0, T ],

from which it follows, by taking maxima over t ∈ [0, T ], that

||Δx||_∞ ≤ ||x_{max} − x_{min}||_∞. (3.5)

Since α_{max}(t) − α_{min}(t) ≥ 0 for all t ∈ [0, T ], part (a) of this proposition can be applied to the processes associated with CF M_{min} and CF M_{max}, to yield,

||x_{max} − x_{min}||_∞ ≤ ||α_{max} − α_{min}||_1. (3.6)

Observe that, by definition, α_{max}(t) − α_{min}(t) = |Δα(t)|. Consequently, Eqs. (3.5) and (3.6) imply ||Δx||_∞ ≤ ||Δα||_1,

completing the proof of the general case of part (a).

Parts (b) and (c) can be proved by arguments similar to those of part (a). The proofs are, therefore, omitted. 2

Variations in the service rate. Let Δu(·) = Δβ(·), that is, the variation is in the service rate function. Correspondingly, β(·) denotes the the service rate of the nominal CFM, and β(·) + Δβ(·) denotes the service rate of the perturbed CFM. We assume that Assumption 3.1 is valid for both CF M_N and CF M_P . The main result here is the following.

Proposition 3.2 The following three inequalities hold, (a) ||Δx||_∞ ≤ ||Δβ||_1 (b) ||Δδ||_1 ≤ 2||Δβ||_1 (c) ||Δγ||_1 ≤ 2||Δβ||_1

Proof. Given in the appendix. 2

Comparing this proposition to Proposition 3.1, there are a number of apparent differences. First, the proof here is much more complicated, and therefore will only be discussed here while its technical details are relegated to the appendix. Second, we note that the Lipschitz constants in parts (b) and (c) are 2, while the analogous constants in Proposition 3.1 are both 1. To illustrate why these Lipschitz constants are at least 2, let us consider the inequality in part (b), and the following example.

Example 3.1 The CFM has infinite buffer capacity (that is, c(t) = ∞), and T = 2. Let the inflow process be defined by

α(t) = � 1, for t ∈ [0, 1] 0, for t ∈ (1, 2].

Fix ε > 0, and let the service processes be defined by

β(t) = � 0, for t ∈ [0, 1] 1, for t ∈ (1, 2] and β(t) + Δβ(t) = � 0, for t ∈ [0, 1] 1 + ε, for t ∈ (1, 2] .

Observe that all of the respective processes of the two CFMs are identical in the interval [0, 1], and x(1) = x(1)+Δx(1) = 1. Moreover, in the interval [1, 2] Δβ(t) = ε, and hence ||Δβ||_1 = ε. Next, the buffer becomes empty in CF M_N at time t = 2, and in CF M_P at time t = 1 + (1 + ε)^{−1}. Consequently, by (2.2), one has

δ(t) = 1, t ∈ (1, 2],

δ(t) + Δδ(t) = � 1 + ε, t ∈ (1, 1 + (1 + ε)^{−1}] 0, t ∈ (1 + (1 + ε)^{−1}, 2].

It follows that ||Δδ||_1 = 2ε(1 + ε)^{−1}, so that the Lipschitz constant is

||Δδ||_1 ||Δβ||_1

= 2(1 + ε)^{−1}.

Thus, the Lipschitz constant of 2 can be approached arbitrarily closely, as ε tends to zero. 2

The proof of Proposition 3.2 relies on the following lemma.

Lemma 3.2 If Δβ(t) ≥ 0 for every t ∈ [0, T ], then (a) Δx(t) ≤ 0, t ∈ [0, T ] (b) Δγ(t) ≤ 0, t ∈ [0, T ]

Proof. Follows immediately from Eq. (2.1) and (2.3). 2

Observe that this is a monotonicity result, not dissimilar to Lemma 3.1, which was used in the proof of Proposition 3.1. However, there is one difference: whereas Lemma

3.1 has three inequalities, Lemma 3.2 has only two inequalities. Missing from Lemma 3.2 is an inequality concerning Δδ(t), like the second inequality in Lemma 3.1. We next explain why such an inequality does not necessarily hold. If Δβ(t) ≥ 0 for all t ∈ [0, T ], namely the server of CF M_P is faster than the server of CF M_N , then clearly there will be less fluid in the buffer and less overflow at any time t in the perturbed CFM. However, regarding the quantity Δδ(t), it may happen that, at some time t, the buffer is empty in CF M_P while it is nonempty in CF M_N . In that case, Eq. (2.2) implies that δ(t) + Δδ(t) = α(t) while δ(t) = β(t). The difference Δδ(t) = α(t) − β(t) may be either positive or negative.

This absence of a pointwise inequality concerning Δδ(t) greatly complicates the analysis as compared to that of the proof of Proposition 3.1. Part (b) of Proposition 3.2 is where the problem lies; part (a) is relatively simple, and part (c) follows from parts (a) and (b). We next outline the main arguments used in the proof of part (b) (while leaving the details to the appendix). Let us assume that Δβ(t) ≥ 0, t ∈ [0, T ]. It then suffices to show that the following inequality is satisfied,

�_T 0 |Δδ(τ)|dτ ≤ 2

�_T 0 Δβ(τ)dτ. (3.7)

To achieve this, we will find a partition of the interval [0, T ] into subintervals I_k, k = 1, . . . , m, such that, for every k = 1, . . . , m, � I_k

|Δδ(τ)|dτ ≤ 2 � I_k

Δβ(τ)dτ. (3.8)

We point out that the latter inequality does not necessarily hold for every subinterval of [0, T ]. However, it is satisfied for each busy period and each idle period of CF M_N (but not necessarily for each busy period of CF M_P !). We remark that the concepts of busy period and idle period are defined as follows.

Definition 3.1 Consider a CFM over the interval [0, T ].

(a) An idle period of the CFM is a maximal subinterval of [0, T ] where the buffer is empty.

(b) A busy period of the CFM is the closure of a maximal subinterval of [0, T ] where the buffer is nonempty. 2

Observe that the server may be active processing fluid during an idle period.

Let us now return to the derivation of Eq. (3.8). As earlier mentioned, we will show that the inequality in (3.8) is satisfied for every subinterval of [0, T ] comprised of an idle period or a busy period of CF M_N . The case of an idle period is a straightforward. To see this we observe that, by the first part of Lemma 3.2, an idle period of CF M_N is a subset of an idle period of CF M_P . Hence, and by Eq. (2.2), δ(t) = α(t) and δ(t) + Δδ(t) = α(t) throughout the idle period of CF M_N . Consequently Δδ(t) = 0, and Eq. (3.8) is satisfied in a trivial way.

The case where I_k is a busy period of CF M_N is more challenging. The reason is that this busy period may contain busy periods of CF M_P and subsets of idle periods of CF M_P . Consider the latter case and suppose, for the sake of the example, that I_k is a busy period in CF M_N and an idle period in CF M_P . Now for all t ∈ I_k, x(t) > 0 while x(t) + Δx(t) = 0. By Eq. (2.2), δ(t) = β(t) while δ(t) + Δδ(t) = α(t), and hence, Δδ(t) = α(t) − β(t). The problem is that the latter difference term may be positive in parts of I_k and negative in other parts of I_k. To overcome this problem, we further subdivide the interval I_k into subsets where inequalities like (3.8) are satisfied. These subsets have to be carefully chosen, and they turn out to be disconnected rather than intervals. The details are in the proof which can be found in the appendix.

Variations in the buffer size. Let Δu(·) = Δc(·), namely, the variation is in the buffer size. Assumption 3.1 is assumed in force for both CF M_N and CF M_P .

The continuity property derived below is not as strong as Proposition 3.1 or Proposition 3.2 for the respective cases of variations in the inflow rate or the service rate. In particular, the Lipschitz constants associated with Δδ can be much larger here than in the previous cases, and the Lipschitz constant associated with Δγ is not expressed in terms of the L^1 norm, but rather in a weaker form. These Lipschitz constants are associated with the number of busy periods the CFMs have in the interval [0, T ]. Let K_N and K_P denote the respective numbers of busy periods of CF M_N and CF M_P in the interval [0, T ] during which some loss is incurred, and define K = max{K_N , K_P }.

Proposition 3.3 The following three inequalities are satisfied. (a) ||Δx||_∞ ≤ ||Δc||_∞ (b) ||Δδ||_1 ≤ (K + 1)||Δc||_∞ (c) |

�_T

0 Δγ(τ) dτ| ≤ K||Δc||_∞

Proof. Can be found in the appendix. 2

The Lipschitz constants in parts (b) and (c) depend on the trajectory of the state x(·). We later will relate this Lipschitz constant to a quantity that is expressed in terms of the defining processes.

To see that the Lipschitz constant K can be sharp, consider the following example pertaining to part (c) of the proposition, and shown in Figure 4.

Example 3.2 c and c + Δc have constant values, namely c(t) = c and Δc(t) = Δc for all t ∈ [0, T ]. The buffer becomes full at time t_1 in CF M_N , and at time t_2 in CF M_P . In both CFMs, the buffer ceases to be full at the same time, t_3, due to a change in the input rate (not shown in the figure). Now by Eq. (2.3),

�_T 0 Δγ(τ)dτ =

�_{t2}

t_1

Δγ(τ)dτ = −

�_{t2}

t_1

(α(τ) − β(τ))dτ. (3.9)

On the other hand, applying Eq. (2.1) to CF M_P , we obtain that

�_{t2}

t_1

(α(τ) − β(τ))dτ = x(t_2) + Δx(t_2) − (x(t_1) + Δx(t_1)). (3.10)

Noting (Figure 4) that x(t_2) + Δx(t_2) = c + Δc and x(t_1) + Δx(t_1) = c, we get, from (3.9) and (3.10), that �_T 0 γ(τ)dτ = −Δc. (3.11)

We see that the last part of Proposition 3.3 is satisfied with K = 1. Moreover, the inequality in Eq. (3.11) does not depend on the slopes of the defining processes, and therefore it is independent of the quantity t_2−t_1, which may be as small as desired (for the sake of the example). In particular, for a given positive integer K, we can have K “peaks” as shown in Figure 5. In this case, it is seen that part (c) of Proposition 3.3 is satisfied, and the indicated Lipschitz constant K is indeed sharp.

4 Applications to IPA

This section extends the results derived in Section 3 to multi-flow CFMs, and applies them to establish the unbiasedness of IPA for the average workload and loss volume performance functions. Flow multiplexing schemes in the CFM include pre-emptive priorities as well as equal priorities, as defined in Section 2. The main results concern Lipschitz continuity of the attendant sample performance functions, from which the unbiasedness of IPA directly follows under suitable assumptions on the underlying probability space.

The discussion below will be carried out in the following IPA setting. Let Θ ⊂ IR be an open bounded interval, and let L(θ) : Θ̄ → IR be a real-valued random function defined over a common probability space, (Ω, F, P ) (Θ̄ denotes the closure of Θ). L(θ) is called the sample performance function. Its expected value as function,

ℓ(θ) = E[L(θ)],

is assumed to be well defined and finite valued. In the context of DEDS, for a given fixed θ ∈ Θ, IPA computes the sample derivative L^′ (θ), which is said to be unbiased if E[L^′(θ)] = ℓ^′(θ) [3, 4]^3. Various sufficient conditions for the unbiasedness of IPA have been derived. Here, we use the formulation set forth in [13], Lemma A2, p.70, reproduced below.

Condition 4.1 (Sufficient unbiasedness conditions). Suppose the following two conditions hold:

(i) For every θ ∈ Θ, the sample derivative L^′ (θ) exists w.p.1.

(ii) The random function L(θ) has a Lipschitz constant with a finite first moment.^4 Then, the IPA derivative, L^′ (θ), is unbiased. 2

3It is pointed out that only the unbiasedness, and not the strong consistency, is considered in this paper. The reason is that we do not wish to be sidetracked by the question of the existence of stationary distributions.

4Here and elswhere, stating that a function has a Lipschitz constant means that it has a global Lipschitz constant throughout the interval Θ̄.

To see why the above two conditions jointly suffice for the unbiasedness of IPA, observe that, for a given fixed θ ∈ Θ, the following limit is satisfied w.p.1,

lim_{Δθ→0}

L(θ + Δθ) − L(θ) Δθ = L^′ (θ).

The Lebesgue dominated donvergence theorem, justified by part (ii) of Condition 4.1, permits the interchangeability of expectation and the above limit, which essentially constitutes the unbiasedness of IPA. For further details, please see [13].

The parameter θ and the random element ω ∈ Ω can assume several forms. For instance, any one of the defining processes u(t) can be a (random) function of θ. To emphasize the dependence on θ, we shall henceforth employ the notation u(θ; t), and will similarly write y(θ; t) for derived (stochastic) processes. We will assume, implicitly, that a sample path ω ∈ Ω corresponds to realizations of the family of processes {u(θ; t)}_{t∈[0,T ]} parametrized by θ ∈ Θ. This assumption is satisfied in a broad class of processes, including the important case of piecewise constant random functions of θ. The following example illustrates this point.

Example 4.1. The defining process is the inflow rate process α(θ; t), assumed to represent a fluid source alternating between an “off” state and an “on” state. In the “off” state the inflow rate is 0, and in the “on” state the inflow rate is 1. The durations of the “off” state and the “on” state have θ-dependent respective distributions, whose realizations are denoted by τ(θ) and σ(θ), respectively. Suppose that the time horizon [0, T ] is fixed, and assume that at time t = 0 the source is in the “off” state. We further assume that the number of switchover points between the “off” state and the “on” state is bounded from above by a random number M that is independent of θ ∈ Θ and having a finite second moment. For example, let Θ = (θ_1, θ_2) where θ_1 > 0, and τ(θ) and σ(θ) are exponentially distributed with mean θ^{−1}. Now the sample path ω constitutes of the sequence of samples required to construct the alternating “off” and “on” periods. Corresponding to such a sample path, for a given θ ∈ Θ we can construct the alternating “off” and “on” periods until the final time T is reached, and this corresponds to a realization of the process α(θ; t). 2

More generally, it is possible to construct examples where the defining process u(θ; t) is piecewise constant, and both its jump points and constant values between jump points are random functions of θ.

Throughout this section we will consider pairs of CFMs: a nominal CFM with defining processes u(θ; t) and derived processes y(θ; t), and a perturbed CFM with defining processes u(θ + Δθ; t) and derived processes y(θ + Δθ; t). The corresponding CFMs will be denoted by CF M_θ and CF M_{θ+Δθ} , respectively. The associated difference processes will be denoted by

Δu(t) = u(θ + Δθ; t) − u(θ; t),

Δy(t) = y(θ + Δθ; t) − y(θ; t).

We will assume throughout the following discussion that the processes u(θ; t) and u(θ + Δθ; t), and hence the difference process Δu(t), have realizations based on a common sample path ω ∈ Ω. Such a common sample path will always be assumed for the difference processes.

We next turn to specific examples of the application of the variational bounds derived in Section 3 to proving the unbiasedness of IPA for several performance functions in single-flow and multi-flow CFMs.

Workload processes in multi-flow CFMs. Consider the two-flow CFM described in Section 2 and its representation as a set of two interacting basic CFMs. Two priority schemes will be examined: preemptive priority and equal priorities.

Given a bounded open interval Θ. Let θ ∈ Θ be a parameter of the type-1 inflow-rate process, {α_1(θ; t)}, and let the performance function be the average type- 2 workload, namely, L(θ) = 1 T �_T 0 x_2(θ; τ) dτ. (4.1)

The defining processes are the inflow processes {α_1(θ; t)} and {α_2(t)}, and the commonresource processes {β(t)} and {c(t)}. The following assumption is made.

Assumption 4.1 (i) With probability 1, for every θ ∈ Θ, the processes {α_1(θ; t)}, {α_2(t)}, {β(t)} and {ċ(t)} are piecewise continuously differentiable with finite numbers of jump points in [0, T ].

(ii) There exists a Lipschitz constant K > 0 with finite first moment, such that for all θ ∈ Θ and θ + Δθ ∈ Θ, ||Δα_1||_1 ≤ K |Δθ|. 2

We remark that part (ii) Assumption 4.1 is readily satisfied for the processes defined in Example 4.1. With α_1(θ; t) having the form of that process, it can be seen that, for every θ ∈ Θ and θ + Δθ ∈ Θ,

||Δα_1||_1 ≤

M^2 + M 2 |Δθ|.

Thus, part (ii) of Asuumption 4.1 is satisfied with K = 2^{−1}(M^2 + M), which was assumed (in Example 4.1) to have a finite first moment.

We next consider the two service disciplines corresponding to the two priority schemes discussed in Section 2.

Preemptive priorities. Suppose that type-1 fluid has preemptive priority over type-2 fluid in the manner described in Section 2. Referring to the equivalent representation via interacting basic CFMs in Figure 3, we observe that only {α_1(θ; t)}, {α_2(t)}, {β_1(t) = β(t)} and {c_1(t) = c(t)} are defining processes, while {β_2(θ; t)} and {c_2(θ; t)} are derived processes, given by

β_2(θ; t) = � 0, if x_1(θ; t) > 0 β(t) − α_1(θ; t), if x_1(θ; t) = 0

(4.2)

c_2(θ; t) = c(t) − x_1(θ; t). (4.3)

The following preliminary result will be useful in the derivation of the Lipschitz constants.

Lemma 4.1 If Δα_1(t) ≥ 0 for all t ∈ [0, T ], then for any 0 ≤ u ≤ v ≤ T ,

Δx_1(v) − Δx_1(u) ≤

�_v u Δα_1(τ) dτ. (4.4)

Proof. Analogously to Eq. (2.4) in Lemma 2.1, we have the fluid conservation equation

x_1(θ, v) − x_1(θ; u) =

�_v u α_1(θ; τ) dτ −

�_v u δ_1(θ; τ) dτ −

�_v u γ_1(θ; τ) dτ. (4.5)

Since (4.5) holds also for CF M_{θ+Δθ} , differencing yields

Δx_1(v) − Δx_1(u) =

�_v u Δα_1(τ) dτ −

�_v u Δδ_1(τ) dτ −

�_v u Δγ_1(τ) dτ.

Eq. (4.4) now readily follows from Lemma 3.1, which ensures that

�_v

u Δδ_1(τ) dτ ≥ 0 and �_v

u Δγ_1(τ) dτ ≥ 0. 2

Proposition 4.1 The sample-performance function L(θ) in Eq. (4.1) is Lipschitz continuous, and the Lipschitz constant is 2K, where K is given by Assumption 4.1.

Proof. The proof relies on the representation of the two-flow CFM in Figure 2 as two interacting basic CFMs. To this end, fix θ ∈ Θ and θ + Δθ ∈ Θ. We first show that ||Δβ_2||_1 ≤ ||Δα_1||_1. (4.6)

If Δα_1(t) ≥ 0 for all t ∈ [0, T ] then Δx_1(t) ≥ 0 for all t ∈ [0, T ] (by Lemma 3.1), and consequently Δβ_2(t) ≤ 0 and Δc_2(t) ≤ 0 for all t ∈ [0, T ] (from Eqs. (4.2) and (4.3), respectively). Therefore, in order to prove Eq. (4.6), it suffices to assume, without loss of generality, that Δα_1(t) ≥ 0 for all t ∈ [0, T ], and then prove the inequality �_T 0 Δβ_2(τ) dτ ≥ −

�_T 0 Δα_1(τ) dτ. (4.7)

Suppose then that Δα_1(t) ≥ 0, t ∈ [0, T ]. By Assumption 4.1 and the implied condition Δx_1(t) ≥ 0, t ∈ [0, T ], there exists a partition [0, T ) = ∪^m_{j=1}[t_j, t_{j+1}) of the interval [0, T ), such that for every j = 1, . . . , m, exactly one of the following three conditions holds for all t ∈ (t_j , t_{j+1}): (i) x_1(θ + Δθ; t) = 0 (ii) x_1(θ + Δθ; t) > 0 and x_1(θ; t) = 0 (iii) x_1(θ; t) > 0 In either case we next prove the inequality

�_{tj+1}

t_j

Δβ_2(τ) dτ ≥ Δx_1(t_{j+1}) − Δx_1(t_j ) −

�_{tj+1}

t_j

Δα_1(τ) dτ. (4.8)

In Case (i), Δx_1(t_j ) = Δx_1(t_{j+1}) = 0 by the implied condition Δx_1(t) ≥ 0, t ∈ [0, T ], and by Eq. (4.2), �_{tj+1}

t_j

Δβ_2(τ) dτ = −

�_{tj+1}

t_j

Δα_1(τ) dτ.

Hence, (4.8) holds with an equality. In Case (ii), x_1(θ; t_j ) = x_1(θ; t_{j+1}) = 0, so that Δx_1(t_j ) = x_1(θ + Δθ; t_j ), Δx_1(t_{j+1}) = x_1(θ + Δθ; t_{j+1}). (4.9) Moreover, by Eq. (4.2) and the conditions of Case (ii), Δβ_2(t) = −β_2(θ; t) = α_1(θ; t) − β(t), t ∈ (t_j , t_{j+1}), which on subtracting and adding α_1(θ + Δθ; t) yields Δβ_2(t) = −Δα_1(t) + α_1(θ + Δθ; t) − β(t).

Next, apply part (b) of Lemma 2.2 to the type-1 flow in CF M_{θ+Δθ} over the time interval [t_j , t_{j+1}). Recalling that β_1(t) = β(t), we obtain,

�_{tj+1}

t_j

Δβ_2(τ) dτ ≥ −

�_{tj+1}

t_j

Δα_1(τ) dτ + x_1(θ + Δθ; t_{j+1}) − x_1(θ + Δθ; t_j ). (4.10) Eq. (4.8) now follows from Eqs. (4.10) and (4.9).

Finally, in Case (iii), the associated condition and the implied condition Δx_1(t) ≥ 0, t ∈ [0, T ] together imply that x_1(θ + Δθ; t) > 0 for all t ∈ (t_j , t_{j+1}). Hence, from Eq. (4.2), Δβ_2(t) = 0. Applying Lemma 4.1 for u = t_j and v = t_{j+1} yields Δx_1(t_{j+1}) − Δx_1(t_j ) ≤

�_{tj+1}

t_j

Δα_1(τ) dτ.

But since Δβ_2(t) = 0, the equation above implies Eq. (4.8).

Having proved Eq. (4.8) for all three cases, we next proceed to sum it over j = 1, . . . , m and obtain

�_T 0 Δβ_2(τ) dτ ≥ Δx_1(T ) − Δx_1(0) −

�_T 0 Δα_1(τ) dτ.

Recall that Δx_1(T ) ≥ 0 by the implied condition Δx_1(t) ≥ 0, t ∈ [0, T ], while Δx_1(0) = 0, so the inequality above implies the inequality (4.7). This, in turn, was mentioned to imply the inequality (4.6).

Consider next the process {Δc_2(t)}. By Eq. (4.3), Δc_2(t) = −Δx_1(t), while by Proposition 3.1, ||Δx_1||_∞ ≤ ||Δα_1||_1. Consequently, ||Δc_2||_∞ ≤ ||Δα_1||_1. (4.11) We can now conclude the following chain of inequalities ||Δx_2||_∞ ≤ ||Δβ_2||_1 + ||Δc_2||_∞ ≤ 2 ||Δα_1||_1 ≤ 2 K|Δθ|, where the first inequality follows from the applications of Proposition 3.2 and Proposition 3.3 to the type-2 flow processes in CF M_θ and CF M_{θ+Δθ} , the second inequality is a direct consequence of Eqs. (4.6) and (4.11), and the third inequality is just part (ii) of Assumption 4.1, which stipulates the existence of the random Lipschitz constant K. Eq. (4.1) now yields the inequality

|ΔL| = |L(θ + Δθ) − L(θ)| ≤ 2K |Δθ|,

thereby completing the proof. 2

Corollary 4.1 If for every θ ∈ Θ the sample derivative L^′ (θ) exists with probability 1, then this IPA derivative is unbiased.

Proof. L(θ) is Lipschitz continuous and the Lipschitz constant has a finite first moment by part (ii) of Assumption 4.1. The result now follows from Condition 4.1. 2 Equal priorities. We consider here only the case of infinite buffer, since it greatly simplifies the analysis; however, Assumption 4.1 still remains in effect. Accordingly, the defining processes are the inflow processes {α_1(θ; t)} and {α_2(t)}, and the common service process {β(t)}; and by assumption, c(t) ≡ ∞, so no loss can ever occur. As before, θ is a parameter of the type-1 inflow rate, and the performance function considered is the average type-2 workload, given in Eq. (4.1).

Following the notation adopted in Section 2, we define α(θ; t) = α_1(θ; t) + α_2(t), x(θ; t) = x_1(θ; t) + x_2(θ; t), and δ(θ; t) = δ_1(θ; t) + δ_2(θ; t), and note that β(t) = β_1(θ; t) + β_2(θ; t). Of course γ_i(θ; t) = γ_i(t) = 0, t ∈ [0, T ]. A “molecule” that enters the buffer at time t would experience a sojourn time of

s(θ; t) = min{s ≥ 0 : x(θ; t) =

�_{t+s} t β(θ; τ) dτ}, (4.12)

and from Eq. (2.6),

β_i(θ; t + s(θ; t)) = α_i(θ; t) α(θ; t) β(t + s(t)), i = 1, 2. (4.13)

The following two results will be useful in establishing the Lipschitz continuity.

Lemma 4.2 If Δα_1(t) ≥ 0 for all t ∈ [0, T ], then (a) �_T

0 Δβ_1(τ) dτ ≥ 0 (b) �_T

0 Δδ_1(τ) dτ ≥ 0 (c) �_T

0 Δβ_2(τ) dτ ≤ 0 (d) �_T

0 Δδ_2(τ) dτ ≤ 0

Proof. Follows from Eq. (4.13). 2

The inequalities Δx_1(T ) ≥ 0 and Δx_2(T ) ≥ 0 are less obvious and require proof as follows.

Lemma 4.3 If Δα_1(t) ≥ 0 for all t ∈ [0, T ], then (a) Δx_1(T ) ≥ 0 (b) Δx_2(T ) ≥ 0

Proof. Consider first Δx_2(T ). Applying Lemma 2.1 to the type-2 processes in CF M_θ and CF M_{θ+Δθ} and taking differences, we obtain

�_T 0 Δδ_2(τ) dτ + Δx_2(T ) = 0. (4.14)

Since

�_T

0 Δδ_2(τ) dτ ≤ 0 by Lemma 4.2(d), it follows that Δx_2(T ) ≥ 0.

Consider next Δx_1(T ). Applying Lemma 2.1 to the type-1 processes in CF M_θ and CF M_{θ+Δθ} and taking differences, we obtain

�_T 0 Δδ_1(τ) dτ + Δx_1(T ) =

�_T 0 Δα_1(τ) dτ. (4.15)

By assumption,

�_T

0 Δα_1(τ) dτ ≥ 0, and by Lemma 4.2(b),

�_T

0 Δδ_1(τ) dτ ≥ 0. Thus, to conclude that Δx_1(T ) ≥ 0, we only need to show that

�_T 0 Δδ_1(τ) dτ ≤

�_T 0 Δα_1(τ) dτ. (4.16)

To this end, consider σ(θ; t) = t + s(θ; t) (the “departure time” of “molecules” arriving at time t) as a function of t for fixed θ ∈ Θ. We are interested in the inverse function, σ^{−1}(θ; r), namely, the “arrival time” of fluid “molecules” (of either type) that “depart” at time r. Strictly speaking, σ^{−1}(θ; r) is not well-defined at points r such that δ(θ; r) = 0, since no output takes place at time r; however, in this case, we merely define σ^{−1}(θ; r) = r. Observe that

�_T 0 δ_i(θ; τ) dτ =

�_σ−1_{(θ;T )} 0 α_i(θ; τ) dτ, i = 1, 2, (4.17)

since fluid ”molecules” can “depart” on or before time T if and only if they “arrive” on or before time σ^{−1}(θ; T ). Applying Eq. (4.17) to the type-2 fluid in CF M_θ and CF M_{θ+Δθ} , noting that α_2(t) does not depend on θ and taking differences, we get 0 ≥ �_T 0 Δδ_2(τ) dτ =

�_σ−1_{(θ+Δθ;T )} 0 α_2(τ) dτ −

�_σ−1_{(θ;T )} 0 α_2(τ) dτ, (4.18)

where the inequality is due to part (d) of Lemma 4.2. Since α_2(t) ≥ 0 for all t, it follows from the inequality in (4.18) that σ^{−1}(θ + Δθ; T ) ≤ σ^{−1}(θ; T ). Consequently, an application of Eq. (4.17) to the type-1 processes in CF M_θ and CF M_{θ+Δθ} , followed by differencing, yields

�_T 0 Δδ_1(τ) dτ =

�_σ−1_{(θ+Δθ;T )} 0 Δα_1(τ) dτ −

�_σ−1_{(θ;T )}

σ^{−1}(θ+Δθ;T )

α_1(θ; τ) dτ. (4.19)

Eq. (4.16) now follows from Eq. (4.19) by observing that the last integral in (4.19) is non-negative; that Δα_1(t) ≥ 0 for all t by the lemma’s assumption; and that σ^{−1}(θ + Δθ; T ) ≤ T . Finally, the inequality Δx_1(T ) ≥ 0 was mentioned to follow from Eq. (4.16), completing the proof of the lemma. 2

Proposition 4.2 The sample-performance function L(θ) is Lipschitz continuous, and the Lipschitz constant is K, given in part (ii) of Assumption 4.1.

Proof. Fix θ ∈ Θ and θ + Δθ ∈ Θ. In view of Eq. (4.1) it suffices to establish the following inequality, ||Δx_2||_∞ ≤ ||Δα_1||_1. (4.20) To prove Eq. (4.20), it suffices to assume, without loss of generality, that Δα_1(t) ≥ 0 for all t ∈ [0, T ]. Now, Proposition 3.1 implies |Δx(T )| ≤ ||Δα||_1. (4.21) Note that the lefthand side of (4.21) can be rewritten as Δx_1(T ) + Δx_2(T ) = Δx(T ) = |Δx(T )|, because from Lemma 4.3, Δx_1(T ) ≥ 0 and Δx_2(T ) ≥ 0. Noting further that Δα(t) = Δα_1(t) we can rewrite (4.21) as

Δx_1(T ) + Δx_2(T ) ≤

�_T 0 Δα_1(τ) dτ,

from which it follows that

Δx_2(T ) ≤

�_T 0 Δα_1(τ)dτ

by part (a) of Lemma 4.3. Replacing T by t in the latter inequality and noting that Δα_1(t) ≥ 0, we obtain, for all t ∈ [0, T ],

Δx_2(t) ≤

�_t 0 Δα_1(τ) dτ ≤

�_T 0 Δα_1(τ) dτ = ||Δα_1||_1, t ∈ [0, T ]. (4.22)

Eq. (4.20) now follows on maximizing the lefthand side above over t ∈ [0, T ]. 2

Corollary 4.2 If for every θ ∈ Θ the sample derivative L^′ (θ) exists with probability 1, then this IPA derivative is unbiased.

Proof. L(θ) is Lipschitz continuous and the Lipschitz constant has a finite first moment by part (ii) of Assumption 4.1. The result now follows from Condition 4.1. 2

Loss volume. The system discussed here is the basic CFM, having a single flow class. Extensions to multi-flow systems may be possible in view of the equivalent representations as outlined in Section 2.

Let us consider the loss volume performance measure as a function of parameters of the inflow rate first, and the buffer size, second. In either case the sample performance function is given by L(θ) =

�_T 0 γ(θ; τ) dτ. (4.23)

Derivative with respect to inflow-rate parameters. Let the defining processes be {α(θ; t)}, {β(t)} and {c(t)}, and suppose that the following assumption is in force.

Assumption 4.2 (i) With probability 1, for every θ ∈ Θ, the processes {α(θ; t)}, {β(t)} and {ċ(t)} are piecewise continuously differentiable with finite numbers of jump points in [0, T ]. (ii) There exists Lipschitz constant K > 0 with a finite first moment, such that for all θ ∈ Θ and θ + Δθ ∈ Θ, ||Δα||_1 ≤ K|Δθ|. 2

Proposition 4.3 If for every θ ∈ Θ the sample derivative L^′ (θ) exists with probability 1, then this IPA derivative is unbiased.

Proof. For given θ ∈ Θ and θ+Δθ ∈ Θ, we observe that |L(θ+Δθ)−L(θ)| ≤ ||Δγ||_1. By Proposition 3.1 ||Δγ||_1 ≤ ||Δα||_1, and by Assumption 4.2, ||Δα_1|| ≤ K|Δθ|. Consequently, we have that

|L(θ + Δθ) − L(θ)| ≤ K|Δθ|,

and the result now follows from Condition 4.1 in conjunction with Assumption 4.2.2

Derivative with respect to the buffer size. Let the variable parameter be the buffer size, namely c(θ; t) = θ for all t ∈ [0, T ] and θ ∈ Θ. The other two defining processes, {α(t)} and {β(t)}, are assumed independent of θ. Suppose that the following assumption is in force.

Assumption 4.3 (i) The processes {α(t)} and {β(t)} are piecewise continuously differentiable. (ii) The numbers of jump points of the processes {α(t)} and {β(t)} in the interval [0, T ] have finite first moments.

(iii) The numbers of points at which the slope processes {α̇(t)} and {β̇(t)} change signs in the interval [0, T ] have finite first moments.

(iv) The lefthand point of the interval Θ is positive. 2

Proposition 4.4 If for every θ ∈ Θ the sample derivative L^′ (θ) exists with probability 1, then this IPA derivative is unbiased.

Proof. By Assumption 4.3, there exists a random number K̄ > 0 having a finite first moment such that, for all θ ∈ Θ, the number of busy periods of the CFM is bounded from above by K̄. Next we observe that, for all θ ∈ Θ and θ + Δθ ∈ Θ,

|L(θ + Δθ) − Ł(θ)| = |

�_T 0 γ(θ; τ)dτ|,

and, ||Δc||_∞ = |Δθ|. Let K be the Lipschitz constant given in part (c) of Proposition 3.3, and we observe that K ≤ K̄. This proves that K̄ indeed is a Lipschitz constant for L(θ), hence the result now follows from Condition 4.1. 2

5 Conclusion

This paper treated functional variations in processes associated with Continuous Flow Models (CFMs). Specifically, it considered the effects of variations in defining processes (the inflow rate process, service rate process, and buffer size process) on various derived processes, including the workload processes and the overflow process. The paper obtained upper bounds on variations in the derived processes in terms of functional norms and Lipschitz constants. The analysis was first performed on single-flow CFMs and then extended to multi-flow CFMs with various service disciplines expressed as multiplexing priority rules. The variational bounds were then used to establish the unbiasedness of IPA derivatives for workload and loss-volume related functions.

Acknowledgments

We would like to thank the anonymous referees for numerous helpful comments.

References

[1] D. Anick, D. Mitra, and M.M. Sondhi, “Stochastic Theory of a Data-Handling System with Multiple Sources”, The Bell System Technical Journal, Vol. 61, 1871–1894, 1982.

[2] M. Caramanis and G. Liberopoulos, “Perturbation Analysis for the Design of Flexible Manufacturing System Flow Controllers”, Operations Research, Vol. 40, 1107-1125, 1992.

[3] C.G. Cassandras, Discrete Event Systems: Modeling and Performance Analysis, Aksen Associates Publishers, Irwin, Boston, MA, 1993.

[4] Y.C. Ho and X.R. Cao, Perturbation Analysis of Discrete Event Dynamic Systems, Kluwer Academic Publishers, Boston, MA, 1991.

[5] G. Keisidis, A. Singh, D. Cheung, and W.W. Kwok, “Feasibility of Fluid-Driven Simulation for ATM Network”, in Proc. IEEE Globecom, Vol. 3, 2013-2017, November 1996.

[6] J. Kimemia and S. Gershwin, “An Algorithm for the Computer Control of Production in Flexible Manufacturing Systems”, IIE Transactions, Vol. 15, 353-362, 1983.

[7] H. Kobayashi and Q. Ren, “A Mathematical Theory for Transient Analysis of Communications Networks”, IEICE Transactions on Communications, Vol. E75- B, 1266–1276, 1992.

[8] K. Kumaran and D. Mitra, “Performance and Fluid Simulations of a Novel Shared Buffer Management Systems”, in Proc. IEEE INFOCOM, March 1998.

[9] G. Liberopoulos and M. Caramanis, “Dynamics and Design of a Class of Parametrized Manufacturing Flow Controllers”, IEEE Transactions on Automatic Control, Vol. 40, 1018-1028, 1995.

[10] B. Liu, Y. Guo, J. Kurose, D. Towsley, and W.B. Gong, “Fluid Simulation of Large Scale Networks: Issues and Tradeoffs”, in Proc. Intl. Conf. on Parallel and Distributed Processing Techniques and Applications, Las Vegas, Nevada, June 1999.

[11] N. Miyoshi, “Sensitivity Estimation of the Cell-Delay in the Leaky Bucket Traffic Filter with Stationary Gradual Input”, in Proc. Intl. Workshop on Discrete Event Systems, WoDES’98, 190-195, Cagliari, Italy, August 26-28, 1998.

[12] E.L. Plambeck, B.-R. Fu, S.M. Robinson, and R. Suri, “Sample-Path Optimization of Convex Stochastic Performance Functions”, Mathematical Programming, Vol. 75, 137-176, 1996.

[13] R. Y. Rubinstein and A. Shapiro, Discrete Event Systems: Sensitivity Analysis and Stochastic Optimization by the Score Function Method, John Wiley and Sons, New York, NY, 1993.

[14] L. Shi, B.-R. Fu, and R. Suri, “Sample Path Analysis for Continuous Tandem Production Lines”, Journal of Discrete Event Dynamic Systems, Vol. 9, pp.211- 239, 1999. .

[15] R. Suri and B.-R. Fu, “On Using Continuous Flow Lines for Performance Estimation of Discrete Production Lines”, in Proc. 1991 Winter Simulation Conference, 968-977, Piscataway, NJ.

[16] R. Suri and B.-R. Fu, “Using Continuous Flow Models to Enable Rapid Analysis and Optimization of Discrete Production Lines - a Progress Report”, in Proc. of the 19th Annual NSF Grantees Conference on Design and Manufacturing Systems Research, 1229-1238, Charlotte, NC, 1993.

[17] R. Suri and B.-R. Fu, “On Using Continuous Flow Lines to Model Discrete Production Lines”, Journal of Discrete Event Dynamic Systems: Theory and Applications, Vol. 4, 127-169, 1994.

[18] Y. Wardi and B. Melamed, “IPA Gradient Estimation for the Loss Volume in Continuous Flow Models”, in Proc. of the Hong Kong International Workshop on New Directions of Control and Manufacturing, 30-33, Hong Kong, November 1994.

[19] Y. Wardi, W.B. Gong, C.G. Cassandras, and M.H. Kallmes, “Smooth Perturbation Analysis for a Class of Piecewise Constant Sample Performance Functions”, Journal of Discrete Event Dynamic Systems, Vol. 1, 393-414, 1992.

[20] Y. Wardi, M.A. Zazanis, and M. Luo, “Consistency of Perturbation Analysis for a Queue with Finite Buffer and Loss Policy”, Journal of Optimization Theory and Applications, Vol. 68, 181-202, 1990.

[21] X.L. Xie, “Fluid Stochastic Event Graphs for Evaluation and Optimization of Discrete Event Systems with Failures”, submitted, 1998.

[22] X.L. Xie, “Evaluation and Optimization of Two-Stage Continuous Transfer Lines Subject to Time-Dependent Failures”, in Proc. Intl. Workshop on Discrete Event Systems, WoDES’98, 112-117, Cagliari, Italy, August 26-28, 1998.

[23] A. Yan and W.B. Gong, “Fluid Simulation for High Speed Networks with Flow- Based Routing”, IEEE Trans. on Information Theory, Vol. 45, 1588-1599, 1999.

[24] H. Yan, G. Yin, and S.X.C. Lou, “Using Stochastic Optimization to Determine Threshold Values for the Control of Unreliable Manufacturing Systems”, Journal of Optimization Theory and Applications, Vol. 83, 511-539, 1994.

A Appendix

This appendix provides proofs to Proposition 3.2 and Proposition 3.3. We start with Proposition 3.2, whose proof relies on Lemma 3.2 and two additional preliminary results, Lemma A.1 and Lemma A.2.

Lemma A.1 Suppose that Δβ(t) ≥ 0 for all t ∈ [0, T ]. Then, for every ϕ ∈ [0, T ) and ψ ∈ (ϕ, T ),

Δx(ψ) − Δx(ϕ) ≥ −

�_ψ ϕ Δβ(τ) dτ. (A.1)

Proof. Fix ϕ ∈ [0, T ) and ψ ∈ (ϕ, T ]. By Assumption 3.1, there exists a finite partition [ϕ, ψ) = ∪^k_{j=1}[t_j, t_{j+1}), such that for every j = 1, . . . , k, exactly one of the following three conditions holds for all t ∈ (t_j , t_{j+1}): (i) x(t) + Δx(t) = c(t) (ii) x(t) = 0 (iii) x(t) + Δx(t) < c(t) and x(t) > 0 In either case, we next show that

Δx(t_{j+1}) − Δx(t_j ) ≥ −

�_{tj+1}

t_j

Δβ(τ) dτ, j = 1, . . . , k. (A.2)

In Case (i), we infer from part (a) of Lemma 3.2 that x(t) = c(t), t ∈ (t_j , t_{j+1}). Consequently, Δx(t_j) = Δx(t_{j+1}) = 0. Since Δβ(·) ≥ 0 by assumption, Eq. (A.2) immediately follows.

In Case (ii), we infer from part (a) of Lemma 3.2 that x(t) + Δx(t) = 0, t ∈ (t_j , t_{j+1}). Consequently, Δx(t_j) = Δx(t_{j+1}) = 0, and since Δβ(·) ≥ 0, Eq. (A.2) follows. In Case (iii), the application of part (a) of Lemma 2.2 to x(·) + Δx(·), and the application of part (b) of Lemma 2.2 to x(·), yield the following two inequalities

x(t_{j+1}) + Δx(t_{j+1}) − (x(t_j) + Δx(t_j)) ≥

�_{tj+1}

t_j

[α(τ) − (β(τ) + Δβ(τ))] dτ

x(t_{j+1}) − x(t_j) ≤

�_{tj+1}

t_j

[α(τ) − β(τ)] dτ

Eq. (A.2) follows from the inequalities above by subtraction.

Finally, Eq. (A.1) follows by summing the inequality (A.2) over j = 1, . . . , k, and noting that ∪^k_{j=1}[t_j, t_{j+1}) = [ϕ, ψ), 2

Lemma A.2 Suppose that Δβ(t) ≥ 0 for all t ∈ [0, T ]. Let (u, v) ⊂ [0, T ] be an interval, such that 0 = x(t)+Δx(t) < x(t), for all t ∈ (u, v). Let [u, v) = ∪^m_{j=1}[t_j, t_{j+1}) be a finite partition of the interval [u, v). Let Φ and Ψ be two integer sets, such that Φ ⊂ {1, . . . , m} and Ψ = {1, . . . , m} \ Φ. Then, � j∈Ψ �_{tj+1}

t_j

[β(τ) − α(τ)] dτ ≤ � j∈Φ �_{tj+1}

t_j

Δβ(τ) dτ + x(u) − x(v). (A.3)

Proof. Since x(t) > 0 for all t ∈ (u, v), an application of part (b) of Lemma 2.2 yields the inequality

x(t_{j+1}) − x(t_j) ≤

�_{tj+1}

t_j

[α(τ) − β(τ)] dτ, j = 1, . . . , m. (A.4)

Subtracting and adding β(τ) + Δβ(τ) in the above integrand, we obtain,

x(t_{j+1}) − x(t_j) ≤

�_{tj+1}

t_j

[α(τ) − (β(τ) + Δβ(τ))] dτ +

�_{tj+1}

t_j

Δβ(τ) dτ.

Since by assumption, x(t) + Δx(t) = 0 for all t ∈ [u, v], it follows from Eq. (2.1) that α(τ) − (β(τ) + Δβ(τ)) ≤ 0, τ ∈ [t_j, t_{j+1}], and hence,

x(t_{j+1}) − x(t_j ) ≤

�_{tj+1}

t_j

Δβ(τ) dτ, j = 1, . . . , m. (A.5)

Next, sum Eq. (A.4) over j ∈ Ψ, and sum Eq. (A.5) over j ∈ Φ, yielding � j∈Ψ (x(t_{j+1}) − x(t_j )) + � j∈Φ (x(t_{j+1}) − x(t_j)) ≤ � j∈Ψ �_{tj+1}

t_j

[α(τ) − β(τ)] dτ + � j∈Φ �_{tj+1}

t_j

Δβ(τ) dτ.

Recalling that Φ ∪ Ψ = {1, . . . , m}, while Φ ∩ Ψ = ∅, we observe that the lefthand side of the above inequality is equal to x(v) − x(u). Hence

x(v) − x(u) ≤ � j∈Ψ �_{tj+1}

t_j

[α(τ) − β(τ)] dτ + � j∈Φ �_{tj+1}

t_j

Δβ(τ) dτ,

which is equivalent to (A.3). 2 Proof of Proposition 3.2. Assume first that Δβ(t) ≥ 0 for all t ∈ [0, T ]. We first prove the proposition under this assumption, and then prove the general case. Consider first part (a). Since Δβ(t) ≥ 0 for all t ∈ [0, T ], we have Δx(t) ≤ 0 for all t ∈ [0, T ] by part (a) of Lemma 3.2. From Lemma A.1 and the fact that Δx(0) = 0, it follows that for every t ∈ [0, T ],

0 ≥ Δx(t) ≥ −

�_t 0 Δβ(τ) dτ ≥ −

�_T 0 Δβ(τ) dτ.

Therefore, |Δx(t)| ≤ ||Δβ||_1, and maximizing over t ∈ [0, T ] yield part (a).

We next prove part (b) under the assumption that Δβ(t) ≥ 0 for all t ∈ [0, T ]. The interval [0, T ] consists of alternating busy periods and idle periods of CF M_N . Let [ϕ, ψ] be any idle period of CF M_N , and let [η, ρ] be any busy period of CF M_N . Clearly, the validity of part (b) is equivalent to the validity of the two inequalities

�_ψ ϕ |Δδ(τ)| dτ ≤ 2

�_ψ ϕ Δβ(τ) dτ, (A.6)

�_ρ η |Δδ(τ)| dτ ≤ 2

�_ρ η Δβ(τ) dτ. (A.7)

We begin with (A.6). By part (a) of Lemma 3.2, the interval [ϕ, ψ] is contained in an idle period of CF M_P . Using this fact in conjunction with Eq. (2.2), we deduce that δ(t) + Δδ(t) = δ(t) = α(t) for all t ∈ (ϕ, ψ). This readily implies (A.6), because the lefthand side vanishes, while the righthand side is non-negative by the assumption Δβ(t) ≥ 0 for all t ∈ [0, T ].

We next prove (A.7). Since [η, ρ] is a busy period of CF M_N , we have x(t) > 0 for all t ∈ (η, ρ). Furthermore, the interval [η, ρ] in CF M_P can be decomposed into alternating idle periods and busy periods. Without loss of generality, assume that the first and last periods of this decomposition are idle periods of CF M_P . That is, for some k ≥ 1,

[η, ρ) = [u_1, v_1) ∪ [v_1, u_2) ∪ · · · ∪ [v_{k−1}, u_k) ∪ [u_k, v_k), (A.8)

where [u_i, v_i], i = 1, . . . , k, are idle periods of CF M_P , and [v_i, u_{i+1}], i = 1, . . . , k − 1, are busy periods of CF M_P . Now, for every busy period [v_i, u_{i+1}] of CF M_P , Eq. (2.2) implies that for all t ∈ [v_i, u_{i+1}], δ(t) + Δδ(t) = β(t) + Δβ(t) and δ(t) = β(t). Combining this fact with the assumption Δβ(t) ≥ 0, for all t ∈ [0, T ], we obtain

�_{ui+1}

v_i

|Δδ(τ)| dτ =

�_{ui+1}

v_i

Δβ(τ) dτ. (A.9)

Next, consider an idle period [u_i, v_i] of CF M_P for a given fixed i ∈ {1, . . . , k}. By Assumption 3.1, there exists a finite partition [u_i, v_i) = ∪^m_{j=1}[t_j , t_{j+1}) of the interval [u_i, v_i), such that for every j = 1, . . . , m, exactly one of the following two conditions hold for every t ∈ [t_j , t_{j+1}): (i) α(t) ≥ β(t), (ii) α(t) < β(t). Define

Φ = {j ∈ {1, . . . , m} : α(t) ≥ β(t), t ∈ [t_j , t_{j+1})} Ψ = {j ∈ {1, . . . , m} : α(t) < β(t), t ∈ [t_j , t_{j+1})}

and observe that Lemma A.2 yields the inequality � j∈Ψ �_{tj+1}

t_j

[β(τ) − α(τ)] dτ ≤ � j∈Φ �_{tj+1}

t_j

Δβ(τ) dτ + x(u_i) − x(v_i). (A.10)

Now for every t ∈ (u_i, v_i), 0 = x(t)+Δx(t) < x(t) by assumption. It therefore follows from Eq. (2.2) that δ(t)+Δδ(t) = α(t) and δ(t) = β(t), and hence Δδ(t) = α(t)−β(t).

Consider first t ∈ (t_j , t_{j+1}) for j ∈ Φ. By definition of Φ, α(t) ≥ β(t), whence we can write |Δδ(t)| = α(t) − β(t).

Next, subtract and add β(t) + Δβ(t) to the equation above, and note that in view of Eq. (2.1), the assumption x(t) + Δx(t) = 0 implies α(t) ≤ β(t) + Δβ(t). It follows that |Δδ(t)| ≤ Δβ(t), whence integration yields

�_{tj+1}

t_j

|Δδ(τ)| dτ ≤

�_{tj+1}

t_j

Δβ(τ) dτ, j ∈ Φ. (A.11)

Consider next t ∈ (t_j , t_{j+1}) for j ∈ Ψ. As before, Δδ(t) = α(t) − β(t), but now Δδ(t) < 0 by definition of Ψ. Hence, |Δδ(t)| = β(t) − α(t), which on substitution into the lefthand side of (A.10) yields � j∈Ψ �_{tj+1}

t_j

|Δδ(τ) |dτ ≤ � j∈Φ �_{tj+1}

t_j

Δβ(τ) dτ + x(u_i) − x(v_i). (A.12)

Since [u_i, v_i) = ∪^m_{j=1}[t_j , t_{j+1}) is a partition, Eqs. (A.11) and (A.12) now imply that

�_{vi}

u_i

|Δδ(τ)| dτ ≤ 2 � j∈Φ �_{tj+1}

t_j

Δβ(τ) dτ + x(u_i) − x(v_i),

and since ∪_{j∈Φ}[t_j, t_{j+1}) ⊂ [u_i, v_i), we consequently have the inequality

�_{vi}

u_i

|Δδ(τ) |dτ ≤ 2

�_{vi}

u_i

Δβ(τ) dτ + x(u_i) − x(v_i). (A.13)

Combining Eqs. (A.8), (A.9) and (A.13), it follows that

�_ρ η |Δδ(τ)| dτ ≤

k−1� i=1 �_{ui+1}

v_i

Δβ(τ) dτ +2 k� i=1 �_{vi}

u_i

Δβ(τ) dτ + k� i=1 (x(u_i)−x(v_i)), (A.14)

where u_1 = η and v_k = ρ. Since the interval [η, ρ] constitutes a busy period for CF M_N , one has x(η) = 0, while x(ρ) ≥ 0 (the case x(ρ) > 0 can arise when ρ = T ). Therefore, the last sum in (A.14) can be rearranged to yield the following inequality: k� i=1 (x(u_i) − x(v_i)) = x(η) + k� i=2 [x(u_i) − x(v_{i−1})] − x(ρ) ≤ k� i=2 [x(u_i) − x(v_i)] . (A.15)

The interval [v_{i−1}, u_i], i = 2, . . . , k, constitutes a busy period of CF M_P , which starts at v_{i−1} and ends at u_i < ρ, so that x(v_{i−1}) + Δx(v_{i−1}) = x(u_i) + Δx(u_i) = 0. Hence, Δx(v_{i−1}) = −x(v_{i−1}) and Δx(u_i) = −x(u_i). An application of Lemma A.1 now yields, for all i = 2, . . . , k,

x(u_i) − x(v_{i−1}) = −[Δx(u_i) − Δx(v_{i−1})] ≤

�_{ui}

v_{i−1}

Δβ(τ) dτ. (A.16)

Eqs. (A.14), (A.15) and (A.16) now lead to the inequality

�_ρ η |Δδ(τ)| dτ ≤ 2 k� i=1 �_{vi}

u_i

Δβ(τ) dτ + 2 k� i=2 �_{ui}

v_{i−1}

Δβ(τ) dτ,

which in view of Eq. (A.8) implies Eq. (A.7). This completes the proof of part (b) under the assumption that Δβ(t) ≥ 0 for all t ∈ [0, T ].

We now prove part (c) under the assumption that Δβ(t) ≥ 0 for all t ∈ [0, T ]. Applying Lemma 2.1 separately to CF M_P and CF M_N , and taking differences yields the following equation,

�_T 0 Δδ(τ) dτ +

�_T 0 Δγ(τ) dτ + Δx(T ) = 0.

Part (c) now follows directly from Lemma 3.2 and the inequalities in part (a) and part (b).

We finally prove the proposition for the general case, where Δβ(t) may be negative. Similarly to the arguments in the proof of Proposition 3.1, define β_{min}(t) = min{β(t), β(t) + Δβ(t)} β_{max}(t) = max{β(t), β(t) + Δβ(t)}.

Moreover, for any derived process z(t), let z_{min}(t) and z_{max}(t) denote the process z(t) resulting from β_{min}(t) and β_{max}(t), respectively.

Now, in view of Lemma 3.2, the proofs of parts (a) and (c) of the present proposition are analogous to the proof of Proposition 3.1 from the inequalities in (3.2) and (3.4), respectively. Consequently, these proofs are omitted.

It remains to prove part (b) for the general case. The triangle inequality yields ||Δδ||_1 ≤ ||δ + Δδ − δ_{max}||_1 + ||δ_{max} − δ||_1. (A.17) Since β_{max}(t) ≥ β(t) + Δβ(t) and β_{max}(t) ≥ β(t), t ∈ [0, T ], an application of this proposition under the monotonicity conditions earlier proved, yields the inequalities ||δ_{max} − (δ + Δδ)||_1 ≤ 2||β_{max} − (β + Δβ)||_1

||δ_{max} − δ||_1 ≤ 2||β_{max} − β||_1.

Utilizing these inequalities in Eq. (A.17) yields ||Δδ||_1 ≤ 2 (||β_{max} − (β + Δβ)||_1 + ||β_{max} − β||_1) . (A.18) But by definition of β_{max}, we can write

|β_{max}(t) − (β(t) + Δβ(t)| + |β_{max}(t) − β(t)| = |Δβ(t)|, t ∈ [0, T ]. This, together with Eq. (A.18), implies the inequality ||Δδ||_1 ≤ 2||Δβ||_1, finally yielding part (b) and hence completing the proof. 2. We next turn to proving Proposition 3.3. The following lemma will be needed.

Lemma A.3 Suppose Assumption 3.1 is in force. If Δc(t) ≥ 0 for every t ∈ [0, T ], then (a) Δx(t) ≥ 0 (b) Δδ(t) ≥ 0 (c) �_t

0 Δγ(τ) dτ ≤ 0, for all t ∈ [0, T ].

Proof. Part (a) and (b) are direct consequences of Eqs. (2.1) and (2.2).

To prove part (c), apply Lemma 2.1 to CF M_N and CF M_P , and take differences, yielding �_t 0 Δγ(τ) dτ +

�_t 0 Δδ(τ) dτ + Δx(t) = 0, t ∈ [0, T ].

Part (c) now follows, since the last two terms above are non-negative by part (a) and part (b). 2

Proof of Proposition 3.3. By the monotonicity properties of Lemma A.3, it suffices to consider the case where Δc(t) ≥ 0 for all t ∈ [0, T ], and prove the following three inequalities,

Δx(T ) ≤ ||Δc||_∞ (A.19)

�_T 0 Δγ(τ) dτ ≥ −K ||Δc||_∞ (A.20)

�_T 0 Δδ(τ) dτ ≤ (K + 1) ||Δc||_∞ (A.21)

Consider first the inequality (A.19). By Assumption 3.1, there exists a finite partition [0, T ) = ∪^m_{j=1}[t_j, t_{j+1}) of the interval [0, T ), such that for every j = 1, . . . , m, exactly one of the following four cases holds for every t ∈ (t_j , t_{j+1}): (i) x(t) = c(t) (ii) x(t) < c(t) and x(t) + Δx(t) = c(t) + Δc(t) (iii) 0 < x(t) < c(t) and x(t) + Δx(t) < c(t) + Δc(t) (iv) x(t) = 0 and x(t) + Δx(t) < c(t) + Δc(t) For Case (i), we show that Δx(t_{j+1}) ≤ Δc(t_{j+1}), while for Cases (ii), (iii) and (iv), we show that Δx(t_{j+1}) ≤ Δx(t_j). Since by assumption Δx(0) = 0, t_1 = 0 and t_{m+1} = T , Eq. (A.19) will then follow.

In Case (i), we combine the general inequality x(t) + Δx(t) ≤ c(t) + Δc(t) with the assumption x(t) = c(t), and deduce by subtraction that Δx(t_{j+1}) ≤ Δc(t_{j+1}).

In Case (ii), we apply part (a) of Lemma 2.2 to x(·), yielding

x(t_{j+1}) − x(t_j ) ≥

�_{tj+1}

t_j

[α(τ) − β(τ)] dτ.

By assumption, the buffer is full in CF M_P , throughout the interval (t_j , t_{j+1}) . Thus, by Eq. (2.1), we necessarily have α(τ) − β(τ) ≥ ċ(τ) + Δċ(τ) for all τ ∈ (t_j , t_{j+1}), and substituting this inequality into the previous one yields

x(t_{j+1}) − x(t_j ) ≥

�_{tj+1}

t_j

[ċ(τ) + Δċ(τ)] dτ = c(t_{j+1}) + Δc(t_{j+1}) − (c(t_j) + Δc(t_j )).

But c(t_{j+1}) + Δc(t_{j+1}) = x(t_{j+1}) + Δx(t_{j+1}) and c(t_j) + Δc(t_j) = x(t_j) + Δx(t_j) imply

x(t_{j+1}) − x(t_j) ≥ x(t_{j+1}) + Δx(t_{j+1}) − (x(t_j ) + Δx(t_j)),

namely, Δx(t_{j+1}) ≤ Δx(t_j).

In Case (iii) the buffer is neither full nor empty throughout the interval (t_j , t_{j+1}) in either CF M_N or CF M_P (the assumption that x(t) > 0 implies x(t)+Δx(t) > 0 by part (a) of Lemma A.3). Therefore, Eq. (2.1) implies that the workload increments in CF M_N and CF M_P are identical over (t_j , t_{j+1}), namely,

x(τ) − x(t_j) = x(τ) + Δx(τ) − (x(t_j ) + Δx(t_j)), τ ∈ (t_j , t_{j+1}).

The equation above implies Δx(t_{j+1}) = Δx(t_j).

Finally, consider Case (iv), where the buffer is empty in CF M_N and not full in CF M_P . Regarding CF M_N , x(t_j) = x(t_{j+1}) = 0, and by Eq. (2.1), α(t) − β(t) ≤ 0 for all t ∈ [t_j, t_{j+1}]. Therefore, Eq. (2.1) implies to CF M_P that x(t_{j+1}) + Δx(t_{j+1}) ≤ x(t_j ) + Δx(t_j ). Having seen that x(t_{j+1}) = x(t_j ) = 0, it now follows that Δx(t_{j+1}) ≤ Δx(t_j). This completes the proof of the inequality Δx(t_{j+1}) ≤ Δx(t_j ) in Cases (ii), (iii) and (iv), and hence the proof of Eq. (A.19).

Next, consider Eq. (A.20). Let the interval [t_B, t_E] be a busy period in CF M_N . By Assumption 3.1 there exists a finite partition [t_B, t_E) = ∪^m_{j=1}[t_j , t_{j+1}) of the interval [t_B, t_E ), such that for every j = 1, . . . , m, exactly one of the following four conditions holds for all t ∈ (t_j , t_{j+1}): (i) x(t) = c(t) and x(t) + Δx(t) = c(t) + Δc(t) (ii) x(t) = c(t) and x(t) + Δx(t) < c(t) + Δc(t) (iii) x(t) < c(t) and x(t) + Δx(t) = c(t) + Δc(t) (iv) x(t) < c(t) and x(t) + Δx(t) < c(t) + Δc(t)

We now proceed to prove that each of the four cases above satisfies the equation

�_{tj+1}

t_j

Δγ(τ) dτ = −(Δx(t_{j+1}) − Δx(t_j)). (A.22)

In Case (i), Eq. (2.3) implies

�_{tj+1}

t_j

Δγ(τ) dτ = −

�_{tj+1}

t_j

Δċ(τ) dτ = −(Δc(t_{j+1}) − Δc(t_j)),

and this result coincides with Eq. (A.22) by the conditions of Case (i).

In Case (ii), Eq. (2.3) implies

�_{tj+1}

t_j

Δγ(τ) dτ = −

�_{tj+1}

t_j

γ(τ) dτ = −

�_{tj+1}

t_j

[α(τ) − β(τ) − ċ(τ)] dτ = − �_{tj+1}

t_j

[α(τ) − β(τ)] dτ + c(t_{j+1}) − c(t_j ). (A.23)

Now, the interval (t_j , t_{j+1}) is contained in a busy period [t_B, t_E] of CF M_N , and by part (a) of Lemma A.3 it is also contained in a busy period of CF M_P . Consequently, x(t) + Δx(t) > 0 for all t ∈ (t_j , t_{j+1}). Thus, the buffer is neither empty nor full in CF M_P (the latter by the condition defining Case (ii)). Therefore, Eq. (2.1) implies

�_{tj+1}

t_j

[α(τ) − β(τ)] dτ = x(t_{j+1}) + Δx(t_{j+1}) − (x(t_j) + Δx(t_j)).

Eq. (A.22) now follows by substituting the equation above into Eq. (A.23), and noting the equalities c(t_j ) = x(t_j) and c(t_{j+1}) = x(t_{j+1}).

Case (iii) is analogous to Case (ii) and the same arguments apply in proving Eq. (A.22).

Finally, in Case (iv), the buffer never becomes full in the interval t ∈ (t_j , t_{j+1}) in CF M_N as well as in CF M_P . Since in both CFMs, the buffer also does not become empty (because [t_j, t_{j+1}] is a subinterval of a busy period of CF M_N ), applications of Eq. (2.1) to the two CFMs yields Δx(t_{j+1}) − Δx(t_j) = 0. But the lack of spillover implies

�_{tj+1}

t_j Δγ(τ) dτ = 0, so that Eq. (A.22) clearly holds.

Having shown that Eq. (A.22) holds for each j = 1, . . . , m, we next sum that equation over the range j = 1, . . . , m, obtaining

�_{tE}

t_B

Δγ(τ) dτ = −(Δx(t_E) − Δx(t_B)).

Since t_B starts a busy period in CF M_N , x(t_B) = 0, and hence Δx(t_B) ≥ 0. This inequality and the latter equation clearly imply

�_{tE}

t_B Δγ(τ) dτ ≥ −Δx(tE). Furthermore,

since −Δx(t_E) ≥ −||Δx||_∞, and ||Δx||_∞ ≤ ||Δc||_∞ by (A.19), we have

�_{tE}

t_B

Δγ(τ) dτ ≥ −||Δc||_∞. (A.24)

Recall that K = max{K_N , K_P }. Then, clearly Eq. (A.24) yields Eq. (A.20).

Finally, to prove Eq. (A.21), observe that Lemma 2.1 implies

�_T 0 Δδ(τ) dτ +

�_T 0 Δγ(τ) dτ + Δx(T ) = 0.

Eq. (A.21) now readily follows with the aid of Eqs. (A.19) and (A.20). This completes the proof of the Proposition. 2