TES MODELING OF VIDEO TRAFFIC BENJAMIN MELAMED and BHASKAR SENGUPTA NEC USA Inc▷ CςC Research Laboratories 4 Independence Way Princeton NJ 08540

December 16 1993

Abstract Video service is slated to be a major application of emerging highspeed com munications networks of the future▷ In particular fullmotion video is designed to take advantage of the high bandwidths that will become affordably available with the advent of BISDN▷ A salient feature of compressed video sources is that they give rise to autocorrelated trafαc streams which are difαcult to model with traditional modeling techniques▷ In this paper we describe a new methodology called TES ↼Transform ExpandSample↽ for modeling general autocorrelated time series and we apply it to trafαc modeling of compressed video▷ The main characteristic of this methodology is that it can model an arbitrary marginal distributionand approximate the autocorrelation structure of an empirical sample such as trafαc measurements▷ Furthermore the em pirical marginal ↼histogram↽ and leading autocorrelations are captured simultaneously▷ Practical TES modeling is computationally intensive and is effectively carried out with software support▷ A computerized modeling environment called TEStool is brieβy reviewed▷ TEStool supports a heuristic search approach for αtting a TES model to em pirical time series▷ Finally we exemplify our approach by two examples of TES video source models constructed from empirical codec bitrate measurements. one at the frame level and the other at the groupofblock level▷ The examples demonstrate the efαcacy of the TES modeling methodology and the TEStool modeling environment▷

Keywords and Phrases. Modeling and Simulation Software Systems TES Pro cesses Stochastic Processes Autocorrelation Function Autocorrelated Processes Video Modeling▷

1 INTRODUCTION Video is an important new service slated to be supported by emerging highspeed com munication networks▷ VBR ↼variable bit rate↽ compressed video is expected to be a major bandwidth consumer giving rise to autocorrelated trafαc streams of bursty nature ♭12 15♯▷ Various studies ♭2 5 10 13♯ have shown that when autocorrelated trafαc is offered to a queuing system the resulting performance measures are much worse than those correspond ing to renewal trafαc ↼which ignores autocorrelations in interarrival times↽▷ The growing realization of the impact of dependence in trafαc streams on system performance provides the motivation for devising Monte Carlo methods ♭1♯ for generating autocorrelated variates with a wide variety of marginal distributions and autocorrelation structures▷ In practice we aim to devise a model having. ↼i↽ a marginal distribution that matches its empirical counterpart, ↼ii↽ an autocorrelation function that approximates its empirical counterpart, and ↼iii↽ sample paths that Ψresembleν the empirical data▷ See ♭9 14♯ for some representative references▷ In this paper we focus on a class of methods called TES ↼TransformExpandSample↽ ♭11 6 7 8♯▷ TES methods can generate a variety of sample paths and autocorrelation functions with a variety of functional forms ↼monotone oscillating and alternating↽ while simultaneously guaranteeing an exact match of the marginal distribution to its empirical counterpart▷ In addition the TES methodology possesses a large degree of freedom in approximating the empirical autocorrelations even as it maintains the matching of the marginal distributions▷ Furthermore the autocorrelation function of a TES model can be computed from fast numerical formulas without requiring simulation allowing data modeling to be carried out interactively and visually▷ This observation motivated the implementation of a TESbased modeling package dubbed TEStool ↼TESUTSURU in Japanese transliteration↽▷ TEStool makes heavy use of visualization in order to provide a pleasant interactive environment supporting modeling of general dependent stationary time series▷ The environment speeds up the modeling search process cuts down on modeling errors and relieves the tedium of repetitive search▷ The search is easy to carry out and can be conducted by experts and nonexperts alike▷ This paper is organized as follows▷ Section 2 contains a brief survey of TES processes and an outline of the TES modeling methodology▷ Section 3 overviews the TEStool mod eling environment▷ Section 4 demonstrates the efαcacy of the TES modeling methodology and the TEStool modeling environment by an example▷ Finally Section 5 contains the conclusion of this paper▷

2 TES PROCESSES AND MODELING METHODOL OGY TES is a class of models for generating autocorrelated random sequences with arbitrary marginals ♭11 6 7 8♯▷ TES processes are a variation on classical autoregressive schemes but with modulo1 arithmetic▷ TES generation methods are easy to implement on a com puter enjoying a low computational complexity▷

2▷1 TES Processes For any real x let ⌊x⌋ = max{n integer . n ≤ x} ⌊⌉ ⊔⟨⌉ ⟩\⊔⌉}∇⊣↕ √⊣∇⊔ ≀{ x and ⟨x⟩ = x − ⌊x⌋ ⌊⌉ ⊔⟨⌉ {∇⊣⌋⊔⟩≀\⊣↕ √⊣∇⊔ ≀{ x▷ Let {V_n} ⌈⌉\≀⊔⌉ ⊣ ∫⌉∐⊓⌉\⌋⌉ ≀{ ⟩↙⟩↙⌈↙ ⇐⟩\⌈⌉√⌉\⌈⌉\⊔ ⟩⌈⌉\⊔⟩⌋⊣↕↕† ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈⇒ ∇⊣\⌈≀⇕ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊒⟩⊔⟨ ⊣ ⌋≀⇕⇕≀\⇔ ⊔⟨≀⊓}⟨ ⊣∇⌊⟩⊔∇⊣∇†⇔ ⌈⌉\∫⟩⊔† f_V ▷ Further let U 0be uniform on ♭01↽ and independent of each element of the sequence {Vn}↙ T⟨⌉ ∇⊣\⌈≀⇕ ⊑⊣∇⟩⊣⌊↕⌉∫ V_n are referred to as innovations▷ Pure TES processes are stationary Markovian and come in two βavors. TES + giving rise to a sequence {U +n }⇔ ⊣\⌈ TES� giving rise to a sequence {U�n }↙ T⟨⌉ ⌈⌉⊘\⟩⊔⟩≀\ ≀{ {U^+_n } ⟩∫ }⟩⊑⌉\ ∇⌉⌋⊓∇∫⟩⊑⌉↕† ⌊†

U^+_n = U0, if n = 0 ⟨U^+_n�1+ V_n⟩, if n > 0 (1)

and the sequence {U�_n } ⟩∫ ⌈⌉⊘\⌉⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ {U^+_n } ⌊† U�_{n =} U^+_n , n even 1 − U^+_n , n odd (2)

The superscripts in (1) and (2) are suggestive of the fact that TES methods achieve coverage of the full range of feasible lag-1 autocorrelation [6]; TES^+ methods cover the positive

range [0, 1], while TES � methods cover the negative range [−∞, 0]. It can also be shown

[6] that Eqs. (1) and (2) each give rise to a sequence of stationary random variables with uniform marginals on [0, 1) and a wide variety of autocorrelation structures. However, in practice one is usually interested in transformed TES processes {X^+_n } ⊣\⌈ {X�_n } ≀⌊⊔⊣⟩\⌉⌈ {∇≀⇕ E∐↙ ⇐∞⇒ ≀∇ E∐↙ ⇐∈⇒ ⌊† ∫≀⇕⌉ ⊔∇⊣\∫{≀∇⇕⊣⊔⟩≀\ D ↼called a distortion↽ i▷e▷ X^+_n = D(U^+_n ), X�_n = D(U�_n ). (3) Uniform TES sequences {U^+_n } ⊣\⌈ {U�_n } ≀{ ⊔⟨⌉ {≀∇⇕ ⇐∞⇒ ⊣\⌈ ⇐∈⇒ ⊣∇⌉ ⌋⊣↕↕⌉⌈ ⌊⊣⌋‖}∇≀⊓\⌈ ∫⌉∐⊓⌉\⌋⌉∫⇔ ⊒⟨⌉∇⌉⊣∫ ⊔⟨⌉⟩∇ ⌈⟩∫⊔≀∇⊔⌉⌈ ⌋≀⊓\⊔⌉∇√⊣∇⊔∫ {X^+_n } ⊣\⌈ {X�_n } ≀{ ⊔⟨⌉ {≀∇⇕ ⇐∋⇒ ⊣∇⌉ ⌋⊣↕↕⌉⌈ {≀∇⌉}∇≀⊓\⌈ ∫⌉∐⊓⌉\⌋⌉∫↙ T⟨⌉ ⊔∇⊣\∫{≀∇⇕⊣⊔⟩≀\ D and the fact that the {U_n} ⊣↕↕ ⟨⊣⊑⌉ ⊣ ⊓\⟩{≀∇⇕ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ≀\ ∪′⇔∞⇒⇔ ⊣↕↕≀⊒ ⊓∫ ⊔≀ }⌉\⌉∇⊣⊔⌉ ∇⊣\⌈≀⇕ ∫⌉∐⊓⌉\⌋⌉∫ ⊒⟩⊔⟨ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊣∇⌊⟩⊔∇⊣∇† ⇕⊣∇}⟩\⊣↕∫ ⌊† ⊓∫⟩\} ⊔⟨⌉ ⟩\⊑⌉∇∫⟩≀\ ⇕⌉⊔⟨≀⌈ ∪∞⊎∅ {≀∇ ⊣ }⟩⊑⌉\ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ {⊓\⌋⊔⟩≀\ F the inversion method uses D = F�1(appropriatelyde�ned if F is not strictly monotone↽▷ The resultant sequences {X^+_n } ⊣\⌈ {X�_n } ⊣∇⌉ ⌊≀⊔⟨ ∫⊔⊣⊔⟩≀\⊣∇† ⊒⟩⊔⟨ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ F ▷ In particular this allows us to match the marginal distribution of empirical data modeled by a histogram▷ Our goal is to construct a model whose autocorrelation function approximates that of the empirical data▷ Naturally a Monte Carlo simulation of Eqs▷ ↼1↽ and ↼2↽ can always provide an estimate of the modelφs autocorrelation function if a sufαcient sample size is generated▷ This approach however can be costly in terms of time complexity especially when high autocorrelations necessitate large sample sizes for adequate statistical reliability▷ It is therefore essential to develop fast and efαcient computational techniques for these calculations▷ Reference ♭6♯ provides numerically computable formulas for the autocovari ance functions of {X^+_n } ⊣\⌈ {X�_n }¬ {≀∇ ⊣ }⟩⊑⌉\ ↕⊣} τ the autocorrelation functions ρ^+_X (τ ) of {X^+_n } ⊣\⌈ ρ�_X(τ ) of {X�_n } ⊣∇⌉ }⟩⊑⌉\ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕† ⌊† ρ^+_X (τ ) = 2 σ2_X 1_∑ ν=1 ℜ[f̈^τ_V (i2πν)] | ♠D(i2πν)|∈ (4) and ρ�_{X(τ ) =} ρ^+_X(τ ), τ even 2 σ2_X 1_∑ ν=1 ℜ[f̈^τ_V (i2πν)] ℜ[D̈(i2πν)2], τ odd (5)

where σ2_X is the common variance of {X^+_n } ⊣\⌈ {X�_n }⇔ ⊔⟩↕⌈⌉ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ L⊣√↕⊣⌋⌉ T∇⊣\∫{≀∇⇕⇔ f^τ_V is the τ fold convolution of the innovation density f_V ℜ ⌈⌉\≀⊔⌉∫ ⊔⟨⌉ ∇⌉⊣↕ √⊣∇⊔ ≀√⌉∇⊣⊔≀∇⇔ ⊣\⌈ i = √ −∞↙ I⊔ ⟩∫ ⊒≀∇⊔⟨ \≀⊔⟩\} ⊔⟨⊣⊔ ⊔⟨⌉ ⌉{{⌉⌋⊔∫ ≀{ ⊔⟨⌉ ⟩\\≀⊑⊣⊔⟩≀\ ⊣\⌈ ⌈⟩∫⊔≀∇⊔⟩≀\ ⊣∇⌉ ⌋≀\⊑⌉\⟩⌉\⊔↕† ∫⌉√⊣∇⊣⊔⌉⌈ ⟩\ E∐∫↙ ⇐△⇒ ⊣\⌈ ⇐▽⇒↙ M≀∇⌉ ⟩⇕√≀∇⊔⊣\⊔↕†⇔ ⊔⟨⌉ ∫⌉∇⟩⌉∫ ⌋≀\⊑⌉∇}⌉ ∇⊣√⟩⌈↕†⇔ ∫⟩\⌋⌉ ⊔⟨⌉ ⌋≀\⊑≀↕⊓⊔⟩≀\ {⊣⌋⊔≀∇∫ ⌈⌉⌋⊣† ∇⊣√⟩⌈↕† ⟩\ ⊔⟨⌉ ↕⊣}↙ S⟩\⌋⌉ ⊔⟨⌉ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫ ≀⌊⊔⊣⟩\⌉⌈ {∇≀⇕ ⌉⇕√⟩∇⟩⌋⊣↕ ⌈⊣⊔⊣ ⊣∇⌉ ≀{⊔⌉\ ⇕≀⌈⌉↕⌉⌈ ⌊† ⊣\ ⌉⇕√⟩∇⟩⌋⊣↕ ⟨⟩∫⊔≀}∇⊣⇕ H⇔ ≀\⌉ {∇⌉∐⊓⌉\⊔↕† ⊓∫⌉∫ ⊔⟨⌉ ⟨⟩∫⊔≀}∇⊣⇕ ⌈⟩∫⊔≀∇⊔⟩≀\ D_H (x) = N∑ k=1 1 [Ck�1,Ck)(x) [ℓk + (x − Ck�1) w_k p_k ], 0 ≤ x ≤ ∞, (6) where N is the number of histogram cells of the form [ℓ_k, r_k), w_k = r_k − ℓ_k is the width of cell k 1 A is the indicator function of set A p k is the probability of cell k and C_k = ∑k j=1 p_k is the cumulative distribution of {p_k} ⇐C0 = 0 and C_N = 1). Recall that a histogram H is mathematically a step function density i▷e▷ a probabilistic mixture of uniform densities▷ Thus H represents the density of a uniform random variable over [C_k�1, C_k) with probability p_k, k = 1, ▷ ▷ ▷ , N▷ Reference ♭7♯ contains formulas for the Laplace transform of various distortions including the quantities⁀D_H (i2πν) corresponding to the histogram distortion (6); these are needed to calculate numerically the autocorrelation functions (4) and (5).

Intuitively, the modulo-1 arithmetic used in deffning TES processes in Eq. (1) has a simple geometric interpretation as a random walk on the unit circle (circumference 1), with random step size V_n▷ To αx the ideas consider the important class of step function innovation densities f V given by f_V (x) = K∑ k=1 1 [Lk,Rk)(x) P_k R_k − L_k , (7)

corresponding to mixtures of uniform densities whose support is contained in [-0.5,0.5). These densities can be speciffed by triplet sets of the form {(L_k, R_k, P_k)}^K_{k=1}, where K is the number of triplets and L_k and R_k are the boundaries of cell k satisfying −′.5 ≤ L_k < R_k ≤ ′.5 and 0 < P_k ≤ ∞ ⟩∫ ⊔⟨⌉ ⇕⟩§⟩\} √∇≀⌊⊣⌊⟩↕⟩⊔† ≀{ ⊔∇⟩√↕⌉⊔ k ↼ ∑K k=1 P_k = 1). We point out that any interval of length one can be used to support the innovation densities, due to the modulo-1 arithmetic, inherent in the deffnition of TES processes. However,

Figure 1: A 3-Dimensional Representation of a Step Function Density on the Unit Circle.

the symmetry of the interval [−′.5, 0.5) about zero is intuitively compatible with the interpretation of the innovation variates as modulo-1 increments of the TES^+ process on

the unit circle. For convenience, we also require that the triplets do not overlap (i.e., R_k ≤ L_{k+1}, k = 1, ▷ ▷ ▷ , K − ∞⇒↙ F⟩}⊓∇⌉ ∞ ⌈⌉√⟩⌋⊔∫ ⊣ ∋↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⟩∫ √⊣∇⊣⇕⌉⊔⌉∇⟩‡⊣⊔⟩≀\ ≀\ ⊔⟨⌉ ⊓\⟩⊔ ⌋⟩∇⌋↕⌉↙ H⌉∇⌉ ⊔⟨⌉ ∫⊔⌉√∫ ⊣∇⌉ ⊣∇∇⊣\}⌉⌈ ≀\ ⊔⟨⌉ ∫⊓∇{⊣⌋⌉ ≀{ ⊣\ ⟩⇕⊣}⟩\⊣∇† ⌋†↕⟩\⌈⌉∇ ∇⌉∫⊔⟩\} ≀\ ⊔⟨⌉ ⊓\⟩⊔ ⌋⟩∇⌋↕⌉↙ O⌊∫⌉∇⊑⌉ ⊔⟨⊣⊔ ∫⊔⌉√ {⊓\⌋⊔⟩≀\ ⌈⌉\∫⟩⊔⟩⌉∫ ⌋⊣\ ⊣√√∇≀§⟩⇕⊣⊔⌉ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⌋↕≀∫⌉↕† ⊣\† ⌈⌉\∫⟩⊔†⇔ ⊒⟨⟩↕⌉ ∇⌉⊔⊣⟩\⟩\} ⊣\ ⌉⊣∫⌉ ≀{ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⊑⟩⊣ ⊔⟨⌉ ⊔∇⟩√↕⌉⊔∫ (L_k, R_k, P_k). The sample paths of {X^+_n } ⊣\⌈ {X�_n } ⇐∫⟨≀⊒\ ⟩\ ∪∞∞⇔ ⊎̸⇔ {≀∇ ⌉§⊣⇕√↕⌉⇒ ≀{⊔⌉\ ⌉§⟨⟩⌊⟩⊔ ⊣ ⊑⟩∫⊓⊣↕ ⊖⌈⟩∫⌋≀\⊔⟩\⊓⟩⊔†⪰ ⊒⟨⌉\⌉⊑⌉∇ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊓\⟩{≀∇⇕ ∇⊣\⌈≀⇕ ⊒⊣↕‖∫ {U^+_n } ⊣\⌈ {U�_n } ⊖⌋∇≀∫∫⪰ √≀⟩\⊔ ′ ≀\ ⊔⟨⌉ ⊓\⟩⊔ ⌋⟩∇⌋↕⌉ ⟩\ ⌉⟩⊔⟨⌉∇ ⌈⟩∇⌉⌋⊔⟩≀\↙ I\ ⊔⟨⌉ ⌋†⌋↕⟩⌋⊣↕ ⌋⊣∫⌉ ⇐∫⌉⌉ ⟩⌊⟩⌈↙⇒⇔ ∫⊣⇕√↕⌉ √⊣⊔⟨ ⌋†⌋↕⌉∫ ⊣∇⌉ ∫‖⌉⊒⌉⌈ ⊔≀ ⊣ ∫⊣⊒⊔≀≀⊔⟨ ∫⟨⊣√⌉ ⇐⌉⟩⊔⟨⌉∇ ⊓√⊔∇⌉\⌈⟩\} ≀∇ ⌈≀⊒\⊔∇⌉\⌈⟩\}⇔ ⌈⌉√⌉\⌈⟩\} ≀\ ⊔⟨⌉ ∫⟩}\ ≀{ E[V_n]). In order to Ψsmooth˚ TES sample paths, or to skew sample path cycles variously, one can use the so-called family of stitching transformations S_ξ, 0 ≤ ξ ≤ ∞⇔ ⌈⌉⊘\⌉⌈ ⌊†

S_ξ(y) = y ξ , if 0 ≤ y < ξ 1 − y 1 − ξ , if ξ ≤ y < 1 (8)

Processes of the form {S_ξ(U^+_n )} ⊣\⌈ {S_ξ(U�_n )} ⊣∇⌉ ⌋⊣↕↕⌉⌈ ∫⊔⟩⊔⌋⟨⌉⌈ TES √∇≀⌋⌉∫∫⌉∫↙ N≀⊔⌉ ⊔⟨⊣⊔ {≀∇ ′ < ξ < 1 the S_ξ are continuous on the unit circle, in particular S_ξ(0) = S_ξ(1). It can be shown [6] that all S_ξ, 0 ≤ ξ ≤ ∞⇔ √∇⌉∫⌉∇⊑⌉ ⊓\⟩{≀∇⇕⟩⊔†∅ ⌋≀\∫⌉∐⊓⌉\⊔↕†⇔ ∫⊔⟩⊔⌋⟨⌉⌈ TES √∇≀⌋⌉∫∫⌉∫ ⌋⊣\ ∫⊔⟩↕↕ ⌊⌉ ⌈⟩∫⊔≀∇⊔⌉⌈ ⊔≀ ⊣∇⌊⟩⊔∇⊣∇† ⇕⊣∇}⟩\⊣↕∫↙ A }∇⌉⊣⊔ ⌈⌉⊣↕ ⟩∫ ‖\≀⊒\ ⊣⌊≀⊓⊔ ⊔⟨⌉ ∐⊓⊣↕⟩⊔⊣⊔⟩⊑⌉ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ∫⊣⇕√↕⌉ √⊣⊔⟨∫ ⊣\⌈ ⊣⊓⊔≀⌋≀∇∇⌉↖ ↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\∫ }⌉\⌉∇⊣⊔⌉⌈ ⌊† TES √∇≀⌋⌉∫∫⌉∫⇔ ⊣∫ ⊣ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ∫⊔⟩⊔⌋⟨⟩\} √⊣∇⊣⇕⌉⊔⌉∇ ⊣\⌈ ⟩\\≀⊑⊣⊔⟩≀\ ⌈⌉\∫⟩⊔† √⊣∇⊣⇕⌉⊔⌉∇∫↙ T⟨⌉∫⌉ ⊣∇⌉ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ∫≀⇕⌉ ⌈⌉⊔⊣⟩↕ ⟩\ ∇⌉{⌉∇⌉\⌋⌉∫ ∪∞∞⇔ ⊎̸↙ ∈↙∈ T⟨⌉ TES M≀⌈⌉↕⟩\} M⌉⊔⟨≀⌈≀↕≀}† T⟨⌉ TES ⇕≀⌈⌉↕⟩\} ⇕⌉⊔⟨≀⌈≀↕≀}† ⟩∫ }⌉⊣∇⌉⌈ ⊔≀⊒⊣∇⌈∫ ⊘⊔⊔⟩\} TES ⇕≀⌈⌉↕∫ ⊔≀ ⌉⇕√⟩∇⟩⌋⊣↕ ⌈⊣⊔⊣ ∪∋⊎↙ T†√⟩⌋⊣↕↕†⇔ ⊣ ⇕≀⌈⌉↕⌉∇ ⊒≀⊓↕⌈ ∫⊔⊣∇⊔ ≀⊓⊔ ⊒⟩⊔⟨ ∫≀⇕⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∫⊣⇕√↕⌉ √⊣⊔⟨ ⌈⊣⊔⊣ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊣ √⊣∇⊔⟩⊣↕ √∇≀⌋⌉∫∫ ⟨⟩∫⊔≀∇† ⇐⌉↙}↙⇔ ⌊⟩⊔∇⊣⊔⌉∫ ≀\ ∫≀⇕⌉ ↕⟩\‖ ⟩\ ⊣ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ \⌉⊔⊒≀∇‖⇒↙ A ⌋≀⇕√↕⌉⊔⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ≀{ ⊣ TES ⇕≀⌈⌉↕ ∇⌉∐⊓⟩∇⌉∫ ⊔⟨⌉ ⇕≀⌈⌉↕⌉∇ ⊔≀ ∫√⌉⌋⟩{† ⊣ ⊙⊣⊑≀∇ ≀{ TES √∇≀⌋⌉∫∫ ⇐TES^+ or TES �), a distortion D a stitching parameter ξ and an innovation density f_V ▷ The interaction process comprising the TES modeling methodology and leading to these choices is now brieβy outlined▷ Selecting the TES Process Sign▷ The selection of the TES process sign is based on the modelerφs experience and familiarity with fundamental sample path behavior of TES processes▷ Most reallife data call for a TES + model. In contrast, TES � models are rarely used; they are called for when the sample path has an alternating (zigzag) nature.

Selecting the distortion. As mentioned in Section 2.1, the distortion transformation D takes a TES process which is marginally uniform on [0, 1), and transforms each element in the time series via a distortion D▷ When modeling empirical data D corresponds to the inverse distribution function of the empirical data obtained from the empirical density function ↼itself modeled as a histogram↽, in other words D = D_H as given in Eq▷ ↼6↽▷ Reference ♭7♯ provides formulas for the Laplace transform of the histogram distortion ↼6↽ as well as for a variety of other distortions corresponding to distortions such as uniform exponential and geometric▷ Selecting the Stitching Parameter and innovation Density▷ The core activity of the TES modeling process is a heuristic search for a suitable stitching parameter and innova tion density▷ Recall that {X +n } ⊣\⌈ {X�n } ⊣↕⊒⊣†∫ ⟨⊣⊑⌉ ⊔⟨⌉ ∇⌉∐⊓⟩∫⟩⊔⌉ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ F regardless of the innovation density f_V and stitching parameter ξ selected▷ However different innovation densities and◁or stitching parameters usually give rise to differ ent autocorrelation functions thereby providing a large degree of freedom in αtting autocorrelation functions▷ The modeler searches through stitching parameters in the range [0, 1] and innovation densities in the space of step function densities whose support is contained in [−′.5, 0.5).

The search activity outlined above is supported by the TEStool modeling environment to be described next. See [3] for more details.

3 THE TEStool MODELING ENVIRONMENT

TEStool is a visual interactive software environment for fftting TES models to empirical data. It provides services to generate and modify TES models, and to examine their statistics, mainly in the context of a heuristic search for approximate autocorrelations and Ψsimilar˚ sample paths.

TEStool classiffes data into three types. An empirical dataset contains data whose source is external to TEStool. The data consist of an empirical time series or statistics computed from it (histogram, autocorrelation function or spectral density). A simulated dataset contains data whose source is a Monte Carlo simulation of a TES model. The data consist of a sample path realization or statistics computed from it (histogram, autocorrelation function or spectral density). A numerical dataset contains the results of a numerical computation of the autocorrelation function, or the spectral density of a TES model, calculated via Eqs. (4) and (5).

Figure 2 displays a typical TEStool screen comprised of four subwindows. The upperleft subwindow contains sample paths, the upper-right subwindow contains histograms, the lower-left subwindow contains autocorrelation functions, and the lower-right subwindow contains a joint speciffcation of a TES sign, stitching parameter and an innovation density. The buttons at the top screen and at the bottom of each subwindow control various modeling services. These include reading and writing datasets, subdividing the screen real estate, opening a TES speciffcation window or menu, performing various computations and quitting the system. The most important service is the visual speciffcation of a TES model and the interactive computations associated with it.

A TES model can be speciffed in TEStool either in standard text mode (by fflling out text ffelds in a form) or graphically. The advantage of a graphical speciffcation is that it is more intuitive; more importantly, it enables the user to interact fiexibly with the environment, signiffcantly increasing modeling efffciency and substantially decreasing modeling tedium. Figure 3 displays a graphical model speciffcation subwindow. In the top part, the TES sign is selected by a button, the stitching parameter ξ is selected by a slider and the distortion is selected from a menu including the histogram distortion ↼6↽ constructed from the empirical data histogram▷ The bottom part contains a graphical speciαcation of a step function density drawn essentially as a 2dimensional version of the representation in Figure 1▷ To this end the user uses the mouse to draw nonoverlapping rectangles ↼representing the steps of a step function density↽ on a square planar grid whose X values are between −′.5 and 0.5 and whose Y values are between 0 and 1▷ Each cell represents an (L_k, R_k, P_k) triplet in the following manner: The base of a step k always rests on the Y axis▷ The left and right step edges correspond to L_k and R_k respectively while the height is P_k▷ Note that technically speaking this representation is not a mathematical density since the area under the curve does not sum to one▷ It is however a consistent representation of a step function density with one distinct advantage. it is easier to manipulate graphically since its height is bounded by one whereas an ordinary density is unbounded▷ TEStool allows the user to add and modify as many steps as desired as long as the sum of the P k does not exceed one▷ An important feature of TEStool is the way it reacts to a change in the model speciαcation subwindow▷ Once a model is speciαed the user can set selected subwindows to interactive mode▷ Thereafter any change in the model speciαcation subwindow resulting in a legal

Figure 2. A Typical TEStool Screen▷

Figure 3. A TEStool Graphical Model Speciαcation Subwindow▷ innovation ↼i▷e▷ ∑ P_k = 1), will trigger an immediate recomputation and redisplay of the corresponding subwindow. This feature is typically used to recalculate statisics and compare them to their empirical counterparts for goodness of fft. The ability to continually change a TES model and the immediate feedback that follows serve to facilitate the assessment of progress in the search, and aid in deciding on the next perturbation. The user can quickly acquire an understanding of how a change in innovation parameters affects the model’s sample paths and statistics; this understanding is both qualitative and quantitative. Furthermore, the search task can be easily delegated to a non-expert, since it largely eliminates the need to understand the mathematical details in Section 2.1. It also lets an expert user experiment with TES processes and possibly extract rules to guide the search process.

4 EXAMPLES OF TES SOURCE MODELS FOR VBR

VIDEO

In this section, we demonstrate the efffcacy of our approach via examples of source modeling of compressed VBR video. The following subsections briefiy describe two case studies which employed the TES modeling methodology: the ffrst example models a VBR video stream at the frame level, and the second at the group-of-block level. For more details see [15] and [12], respectively.

4.1 Frame Source Model for Compressed VBR Video

In the ffrst example, we applied the TES modeling methodology to frame bitrate data, generated by a video coding algorithm which employs a layering technique [17]. The layered algorithm considered there uses motion compensation on low-frequency coefffcients of the Discrete Cosine Transform (DCT) to improve data compression. The high-frequency coefffcients are transmitted intraframe at low priority. The algorithm separates the video data into high and low priorities such that the loss of low-priority data will not generate errors in the received high-priority data. The main purpose of the layering scheme is to allow the network to drop low-priority bits in the event of congestion. Such a selective dropping scheme would cause less damage to the reconstructed video image when compared to a scheme in which the network is allowed to drop any packets it chooses. In this algorithm, high-frequency video data is assigned low priority, and may be lost in the network. Lowfrequency video data is essential, and is assigned high priority.

We now outline the TES methodology employed in constructing the source model of the video bitrate stream generated by this encoder. Figure 4 depicts the empirical bitrate sample path (corresponding to individual frames), which was used to construct the TES source model (light shade); superimposed on it is a typical sample path generated by a Monte Carlo simulation of this TES model (dark shade). The corresponding histogram and autocorrelation function are plotted against their empirical counterparts in the two subwindows shown in Figure 5. Having extracted the empirical histogram (see the light-shaded histogram in the left subwindow of Figure 5), the distortion of Eq. (6) was constructed in a natural way. The empirical bitrate sequence in Figure 4 suggested a foreground distorted

Figure 4: A TEStool Sample Path Subwindow.

Figure 5: A TEStool Histogram and Autocorrelation Function Subwindows.

TES^+ process {X^+_n } ≀{ ⊔⟨⌉ {≀∇⇕ ⇐∋⇒↙ T⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⌊⊣⌋‖}∇≀⊓\⌈ TES √∇≀⌋⌉∫∫ {U^+_n } ⊓∫⌉⌈ ⊔⟨⌉ ⟩\\≀⊑⊣⊔⟩≀\ ⌈⌉\∫⟩⊔† ∫⟨≀⊒\ ⟩\ F⟩}⊓∇⌉ ∋⇔ ⌋≀\∫⟩∫⊔⟩\} ≀{ ⊣ ⇕⟩§⊔⊓∇⌉ ≀{ ⊔⊒≀ ⊓\⟩{≀∇⇕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫↙ F⟩\⊣↕↕†⇔ ⊔⟨⌉ ∫†⇕⇕⌉⊔∇⟩⌋ ∫⟨⊣√⌉ ≀{ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∫⊣⇕√↕⌉ √⊣⊔⟨ ⟩\ F⟩}⊓∇⌉ △ ↕⌉⌈ ⊔≀ ⊔⟨⌉ ⌋⟨≀⟩⌋⌉ ≀{ ⊣ ∫⊔⟩⊔⌋⟨⟩\} ⊔∇⊣\∫{≀∇⇕⊣⊔⟩≀\ S_ξ with ξ = 0.5▷ This completes the speciαcation of {X_n} ⊣∫ ⊣ ⇕≀⌈⌉↕ {≀∇ ⊔⟨⌉ ⌋≀⇕√∇⌉∫∫⌉⌈ ⊑⟩⌈⌉≀ ⌊⟩⊔∇⊣⊔⌉ ⊔∇⊣{⊘⌋↙ T⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ∫⌉↕⌉⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ⟩\\≀⊑⊣⊔⟩≀\ ⌈⌉\∫⟩⊔† √⊣∇⊣⇕⌉⊔⌉∇∫ ⊒⊣∫ ⌋⊣∇∇⟩⌉⌈ ≀⊓⊔ ⊔⟨∇≀⊓}⟨ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ ∫⌉⊣∇⌋⟨ {≀∇ ⊣\ ⊣⌋⌋⌉√⊔⊣⌊↕⌉ ⊘⊔ ≀{ ⊣ TES ⇕≀⌈⌉↕ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⊣\⌈ ⊣⌋↖ ⌋⌉√⊔⊣⌊↕⌉ ∇⌉∫⌉⇕⌊↕⊣\⌋⌉ ≀{ ⟩⊔∫ ∫⊣⇕√↕⌉ √⊣⊔⟨⇔ ⊒⟨⌉\ ⌋≀⇕√⊣∇⌉⌈ ⊣}⊣⟩\∫⊔ ⊔⟨⌉⟩∇ ∇⌉∫√⌉⌋⊔⟩⊑⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⌋≀⊓\⊔⌉∇√⊣∇⊔∫↙ T⟨⌉ ⊘\⊣↕ ∇⌉∫⊓↕⊔∫ ⊣∇⌉ ∫⟨≀⊒\ ⟩\ F⟩}⊓∇⌉∫ △ ⊣\⌈ ▽↙ R⌉⌋⊣↕↕ ⊔⟨⊣⊔ ⊔⟨⌉ TES ⇕⌉⊔⟨≀⌈↖ ≀↕≀}† ⊣↕⊒⊣†∫ }⊓⊣∇⊣\⊔⌉⌉∫ ⊔⟨⊣⊔ ⊣ TES ⇕≀⌈⌉↕ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⊒⟩↕↕ ⊣⊓⊔≀⇕⊣⊔⟩⌋⊣↕↕† ⟨⊣⊑⌉ ⊣\ ⌉§⊣⌋⊔ ⇕⊣⊔⌋⟨ ⊒⟩⊔⟨ ⟩⊔∫ ⌉⇕√⟩∇⟩⌋⊣↕ ⌋≀⊓\⊔⌉∇√⊣∇⊔ {≀∇ ⊣\† ⟩\\≀⊑⊣⊔⟩≀\ ⌈⌉\∫⟩⊔†⇔ ⊣∫ ⌉⊑⟩⌈⌉\⌋⌉⌈ ⌊† ⊔⟨⌉ ↕⌉{⊔ ∫⊓⌊⊒⟩\⌈≀⊒ ⟩\ F⟩}⊓∇⌉ ▽↙ T⟨⟩∫ ⟩∫ ⊣ ⌈⟩∫⊔⟩\⌋⊔ ⊣⌈⊑⊣\⊔⊣}⌉ ≀⊑⌉∇ ⊘∇∫⊔ ≀∇⌈⌉∇ ⊣⊓⊔≀∇⌉}∇⌉∫∫⟩⊑⌉ ∫⌋⟨⌉⇕⌉∫ ⟩\ ⊒⟨⟩⌋⟨ ⟩⊔ ⇕⊣† ⌊⌉ ⟩⇕√≀∫∫⟩⌊↕⌉ ⊔≀ ⇕⊣⊔⌋⟨ ⊣\ ⊣∇⌊⟩⊔∇⊣∇† ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\↙ W⌉ ∫†∫⊔⌉⇕⊣⊔⟩⌋⊣↕↕† ⊑⊣∇⟩⌉⌈ ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ K L_k R_k and ξ guided by the qualitative behavior summarized earlier▷ The search could proceed rapidly because the model autocorrelation function was computed numerically from Eq▷ ↼4↽ with the specializations of the Laplace transform of the histogram distortion ↼6↽ and the step function density ↼7↽ both of which were computed in ♭7♯▷ Since an average scene lasts for only a few seconds and the data available consisted of 210 frames it only made sense to match the αrst 10 autocorrelations or so▷ Naturally determining the resemblance of sample paths is a highly heuristic decision based on subjective judgment▷ Nevertheless it is worth trying since similarity of sample paths would increase the conαdence in the model▷ We emphasize that this is a qualitative matching which is done in addition to not instead of the quantitative matching of marginal distributions and autocorrelation functions▷ We remark that the twostep innovation density reported here is an improvement on the singlestep innovation density reported in the original study ♭15♯▷ This may be veriαed by noting that both the simulated sample path and autocorrelation function depicted in Figures 4 and 5 respectively exhibit a better αt to the empirical data than their counterparts in ♭15♯▷ Indeed the original model was created painstakingly from repeated batch runs without the beneαt of the visual facilities of TEStool▷ Furthermore the innovation density search for the original model took about a week whereas the model reported here was constructed in under an hour▷ 4▷2 GroupOfBlock Source Model for Compressed VBR Video In the second example we applied a variant of the TES methodology to VBR video encoded in accordance with the preliminary H▷261 recommendations of the CCITT Study Group XV ♭16♯▷ The encoding is based on a motion compensated intra◁interframe discrete cosine transform ↼DCT↽ algorithm and the frame rate is 30 frames◁sec▷ See ♭12♯ for details▷ Each coded frame is divided into 12 groupofblock ↼GOB↽ coded subscreens and each GOB consists of 33 Macro Blocks ↼MB↽ which are scanned line by line▷ Each resulting encoded GOB is a suitable unit for packet transport since it represents a selfcontained block of data▷ The VBR codec considered in this study was conαgured to nominally generate an average of 128 kbps for a typical picturephone image▷ At this level a GOB varies between about 500 and 5000 bits ↼with an average of some 2000 bits↽ generally within the range of acceptable packet size for the IEEE 802▷3 LAN▷ Occasionally a GOB will exceed the maximum link level packet size limit of the LAN requiring transport level segmentation and reassembly▷ Each compressed video stream was modeled as a GOB bitrate sequence▷ We next describe the procedure used to αt a model to the empirical measurements of coded GOB bitrate▷ Figure 6 displays the raw empirical data {←X_n}⇔ ⊒⟨⌉∇⌉ ⌉⊣⌋⟨ ≀⌊∫⌉∇⊑⊣⊔⟩≀\ ⟩∫ ⊔⟨⌉ ⌊⟩⊔∇⊣⊔⌉ ≀{ ⊣ ⌋≀⌈⌉⌈ ⌊↕≀⌋‖ ⊒⟩⊔⟨⟩\ ⊣ {∇⊣⇕⌉↙ T⟨⌉ ⌊⊓↕↕⌉⊔∫ ⟩\ F⟩}⊓∇⌉ ∇⌉√∇⌉∫⌉\⊔ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ←ρ_X (τ ) computed from the empirical data for lags 1 ≤ τ ≤ ∞′′↙ T⟨⌉ ⌋†⌋↕⟩⌋⊣↕ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∫⊣⇕√↕⌉ √⊣⊔⟨ ⊣\⌈ ⊔⟨⌉ ⊣⊔⊔⌉\⌈⊣\⊔ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⟩∫ ⌋↕⌉⊣∇↕† ⌉⊑⟩⌈⌉\⊔∅ ⌉⊣⌋⟨ ⌋†⌋↕⌉ ⌋≀∇∇⌉∫√≀\⌈∫ ⊔≀ ⊣ ∇⊓\ ≀{ ⊔⊒⌉↕⊑⌉ ≀⌊∫⌉∇⊑⊣⊔⟩≀\∫ ⌋≀⇕√∇⟩∫⟩\} ⊔⟨⌉ ⌋≀⌈⌉⌈ ⌊↕≀⌋‖∫ ≀{ ⊣ ∫⟩\}↕⌉ {∇⊣⇕⌉↙ S⟩\⌋⌉ ⌉⊑⌉∇† ⊔⊒⌉↕{⊔⟨ ⌊↕≀⌋‖ ⌋≀⌈⌉∫ ⊔⟨⌉ ∫⊣⇕⌉ ∫⌋∇⌉⌉\ √≀∇⊔⟩≀\ ≀{ ⊣ {∇⊣⇕⌉⇔ ⊒⌉ ⌉§√⌉⌋⊔ ⊔≀ ∫⌉⌉ ⊣ ∫⊔∇≀\} ⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ √⌉∇⟩≀⌈⟩⌋⟩⊔† ≀{ ⊔⊒⌉↕⊑⌉ ⟩\ ⊔⟨⌉ ⌈⊣⊔⊣↙ T⟨⟩∫ ⟩∫ ⟩\⌈⌉⌉⌈ ⊔⟨⌉ ⌋⊣∫⌉⇔ ⊣∫ ⌉⊑⟩⌈⌉\⌋⌉⌈ ⌊† ⊔⟨⌉ ∫⊣⇕⌉ √⌉∇⟩≀⌈⟩⌋⟩⊔† ≀{ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⊣\⌈ ⟩⊔∫ ∫⊓∫⊔⊣⟩\⌉⌈ ⊣⇕√↕⟩⊔⊓⌈⌉↙ S⟩\⌋⌉ TES ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\∫ ⌈⌉⌋⊣† ⇕⊓⌋⟨ {⊣∫⊔⌉∇⇔ ⟩⊔ ⌊⌉⌋⊣⇕⌉ ⌋↕⌉⊣∇ ⊔⟨⊣⊔ ⊣ √⊓∇⌉ TES ⇕≀⌈⌉↕ ⌋≀⊓↕⌈ \≀⊔ ⌊⌉ √∇≀√⌉∇↕† ⊘⊔⊔⌉⌈ ⊔≀ ⊔⟨⌉ ∇⊣⊒ ⌉⇕√⟩∇⟩⌋⊣↕ ⌈⊣⊔⊣↙ R⊣⊔⟨⌉∇⇔ ⊔⟨⌉ ∇⊣⊒ ⌈⊣⊔⊣ ⊒≀⊓↕⌈ ⟨⊣⊑⌉ ⊔≀ ⌊⌉ ⊔∇⊣\∫{≀∇⇕⌉⌈ ⊘∇∫⊔⇔ ∫≀ ⊣∫ ⊔≀ ∇⌉⇕≀⊑⌉ ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ √⌉∇⟩≀⌈⟩⌋ ⌋≀⇕√≀\⌉\⊔∫↙ T≀ ⊔⟨⟩∫ ⌉\⌈⇔ ⊒⌉ √⌉∇{≀∇⇕⌉⌈ ⊣ √⌉∇⟩≀⌈≀}∇⊣⇕ ⊣\⊣↕†∫⟩∫ ∪△⊎ ⊣\⌈ ⌉∫⊔⟩⇕⊣⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ ∇⊣⊒ ⌈⊣⊔⊣ ⊣ ∫⌉⊔ ≀{ √⊣∇⊣⇕⌉⊔⌉∇∫ J ω_i A_i and B_i 1 ≤ i ≤ J such that the trigonometric sums {←T_n}⇔ }⟩⊑⌉\ ⌊† ←T_n =^J ∑ i=1 [ A_i cos(ω_in) + B_i sin(ω_in) ] , (9) tracked well the oscillations of the raw data {←X_n}↙ W⌉ ⊔⟨⌉\ ⊔∇⊣\∫{≀∇⇕⌉⌈ {←X_n} ⟩\⊔≀ ⊣ \⌉⊒ ∫⌉∐⊓⌉\⌋⌉ {←R_n} ⇐⌋⊣↕↕⌉⌈ ⊔⟨⌉ ∇⌉∫⟩⌈⊓⊣↕∫ ∫⌉∐⊓⌉\⌋⌉⇒⇔ ⊒⟨⌉∇⌉ ←R_n = X_n − ←T_n. (10)

The residuals sequence had a much faster decaying autocorrelation function as compared to ρ_X(τ ), and a considerably reduced magnitude. Based on the appearance of the residuals sample path, we ffxed ξ at 0▷5 and performed a search of the parameter space {(L, R) : −′.5 ≤ L < R < 0.5} {≀∇ ⊣ }≀≀⌈ TES ⇕≀⌈⌉↕ {U^+_n }⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ Y_n = D_H (S0_{.5}(U^+_n )) (11) had the same marginal distribution as {←R_n}⇔ ⊣\⌈ ⊔⟨⌉ ⊘∇∫⊔ {⌉⊒ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ≀{ {Y_n} ⊒⌉∇⌉ ⊣ }≀≀⌈ ⇕⊣⊔⌋⟨ ⊔≀ ⊔⟨⌉⟩∇ { ←R_n} ⌋≀⊓\⊔⌉∇√⊣∇⊔∫ ⇐⊒⌉ {≀⊓\⌈ ⊔⟨⊣⊔ ⊣ ∫⟩\}↕⌉↖∫⊔⌉√ ⟩\\≀⊑⊣⊔⟩≀\ ⊒⊣∫ ∐⊓⟩⊔⌉ ⊣⌈⌉∐⊓⊣⊔⌉⇒↙ T⟨⌉ ⊘\⊣↕ ∫⊔⌉√ ⊒⊣∫ ⊔≀ ⊣⌈⌈ ⌊⊣⌋‖ ⊔⟨⌉ ⊔∇⟩}≀\≀⇕⌉⊔∇⟩⌋ ⌋≀⇕√≀\⌉\⊔∫ {←T_n} ⊔≀ {Y_n}⇔ ↕⌉⊣⌈⟩\} ⊔≀ ⊔⟨⌉ ⊘\⊣↕ ⊔∇⊣{⊘⌋ ⇕≀⌈⌉↕ ≀{ ⌋≀⌈⌉⌈ ⊑⟩⌈⌉≀ GOB ⌊⟩⊔∇⊣⊔⌉ X_n = D_H (S0_{.5}(U^+_n )) + T_n, (12) where D_H is given by Eq▷ ↼6↽ S_ξ by Eq▷ ↼8↽ U^+_n by Eq▷ ↼1↽ and^ψT_n by Eq▷ ↼9↽▷ Figure 8 depicts a sample path generated by a Monte Carlo simulation of the TES model {X n} ⊣∫ ⌈⌉⊘\⌉⌈ ⌊† E∐↙ ⇐∞∈⇒↙ N≀⊔⟩⌋⌉ ⊔⟨⌉ ∫⟩⇕⟩↕⊣∇⟩⊔† ≀{ ⊔⟨⌉ ∫⟩⇕⊓↕⊣⊔⌉⌈ ∫⊣⇕√↕⌉ √⊣⊔⟨ ⟩\ F⟩}⊓∇⌉ ∀ ⊔≀ ⟩⊔∫ ⌉⇕√⟩∇⟩⌋⊣↕ ⌋≀⊓\⊔⌉∇√⊣∇⊔ ⟩\ F⟩}⊓∇⌉ ↙̸ A ⌋≀⇕√⊣∇⟩∫≀\ ≀{ ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\∫ ⊣√√⌉⊣∇∫ ⟩\ F⟩}⊓∇⌉ ⇔ ∇⌉⊑⌉⊣↕⟩\} ⊣ ∇⌉⇕⊣∇‖⊣⌊↕⌉ ⇕⊣⊔⌋⟨ ⊣⊔ ↕⌉⊣∫⊔ ⊓√ ⊔≀ ∞∋

F⟩}⊓∇⌉ ¬̸ A T⌉↕⌉⌋≀\{⌉∇⌉\⌋⟩\} E⇕√⟩∇⟩⌋⊣↕ S⊣⇕√↕⌉ P⊣⊔⟨ ≀{ B⟩⊔∇⊣⊔⌉ D⊣⊔⊣ G⌉\⌉∇⊣⊔⌉⌈ ⌊† GOB C≀⇕√∇⌉∫∫⌉⌈ V⟩⌈⌉≀↙

∞△

F⟩}⊓∇⌉ ¬ A T⌉↕⌉⌋≀\{⌉∇⌉\⌋⟩\} A⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ F⊓\⌋⊔⟩≀\ ≀{ B⟩⊔∇⊣⊔⌉ D⊣⊔⊣ G⌉\⌉∇⊣⊔⌉⌈ ⌊† ⊣ TES M≀⌈⌉↕ ≀{ GOB C≀⇕√∇⌉∫∫⌉⌈ V⟩⌈⌉≀ ⊣\⌈ I⊔∫ E⇕√⟩∇⟩⌋⊣↕ C≀⊓\⊔⌉∇√⊣∇⊔↙

∞▽

F⟩}⊓∇⌉ ∀¬ A T⌉↕⌉⌋≀\{⌉∇⌉\⌋⟩\} S⟩⇕⊓↕⊣⊔⌉⌈ S⊣⇕√↕⌉ P⊣⊔⟨ ≀{ B⟩⊔∇⊣⊔⌉ D⊣⊔⊣ G⌉\⌉∇⊣⊔⌉⌈ ⌊† ⊣ TES M≀⌈⌉↕ ≀{ GOB C≀⇕√∇⌉∫∫⌉⌈ V⟩⌈⌉≀↙

∞

F⟩}⊓∇⌉ ∃¬ A T⌉↕⌉⌋≀\{⌉∇⌉\⌋⟩\} H⟩∫⊔≀}∇⊣⇕ ≀{ B⟩⊔∇⊣⊔⌉ D⊣⊔⊣ G⌉\⌉∇⊣⊔⌉⌈ ⌊† ⊣ TES M≀⌈⌉↕ ≀{ GOB C≀⇕√∇⌉∫∫⌉⌈ V⟩⌈⌉≀ ⊣\⌈ I⊔∫ E⇕√⟩∇⟩⌋⊣↕ C≀⊓\⊔⌉∇√⊣∇⊔↙

∞

↕⊣} ∞′′↙ F⟩\⊣↕↕†⇔ F⟩}⊓∇⌉ ∃ ⌋≀⇕√⊣∇⌉∫ ⊔⟨⌉ ⟨⟩∫⊔≀}∇⊣⇕∫ ≀{ {←X_n} ⊣\⌈ {X_n}⇔ ⊣}⊣⟩\ ⊒⟩⊔⟨ }≀≀⌈ ⊣}∇⌉⌉⇕⌉\⊔↙ W⌉ ∇⌉⇕⊣∇‖ ⊔⟨⊣⊔ ⊔⟨⌉ TES ⊑⊣∇⟩⊣\⊔ ⊓∫⌉⌈ ⟨⌉∇⌉ ⌈≀⌉∫ \≀⊔ }⊓⊣∇⊣\⊔⌉⌉ ⊣ ⇕⊣⊔⌋⟨ ⊔≀ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⟨⟩∫⊔≀}∇⊣⇕ ≀{ ⊔⟨⌉ ∇⊣⊒ ⌈⊣⊔⊣∅ ∇⊣⊔⟨⌉∇⇔ ⟩⊔ }⊓∇⊣\⊔⌉⌉∫ ⊣ ⇕⊣⊔⌋⟨ ⊔≀ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⟨⟩∫⊔≀}∇⊣⇕ ≀{ ⊔⟨⌉ ∇⌉∫⟩⌈⊓⊣↕∫ ⇐∞∞⇒↙ N⌉⊑⌉∇⊔⟨⌉↕⌉∫∫⇔ ≀⊓∇ ⌉§√⌉∇⟩⌉\⌋⌉ ∫⟨≀⊒∫ ⊔⟨⊣⊔ ⊣ ∇⌉⊣∫≀\⊣⌊↕⌉ ⇕⊣⊔⌋⟨ ⊔≀ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∇⊣⊒ ⌈⊣⊔⊣ ⟨⟩∫⊔≀}∇⊣⇕ ⟩∫ ⊓∫⊓⊣↕↕† ⊣⊔⊔⊣⟩\⌉⌈↙

▽ CONCLUSION O{{⌉∇⟩\} ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⌉⌈ ⊔∇⊣{⊘⌋ ⊔≀ ∐⊓⌉⊓⌉⟩\} ∫†∫⊔⌉⇕∫ ⌋⊣\ ∇⌉∫⊓↕⊔ ⟩\ {⊣∇ ⊒≀∇∫⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ⇕⌉⊣∫⊓∇⌉∫⇔ ⊣∫ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⊔⟨≀∫⌉ √∇⌉⌈⟩⌋⊔⌉⌈ ⌊† ⌋↕⊣∫∫⟩⌋⊣↕ ∐⊓⌉⊓⌉⟩\} ⇕≀⌈⌉↕∫ ⊒⟨⟩⌋⟨ ⟩}\≀∇⌉ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\↙ C≀\∫⌉∐⊓⌉\⊔↕†⇔ ⊒⌉ \⌉⌉⌈ ⊣ \⌉⊒ ⇕≀⌈⌉↕⟩\} ⊣√√∇≀⊣⌋⟨ ⊒⟨⟩⌋⟨ ⌋⊣\ ⌋⊣√⊔⊓∇⌉ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ≀{ ∫⊓⌋⟨ ⊔∇⊣{⊘⌋⇔ ⊣\⌈ ⊒⟨⟩⌋⟨ ⌋⊣\ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⇕≀⌈⌉↕ ⊣∇⌊⟩⊔∇⊣∇† ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫ ⇐⟨⟩∫⊔≀}∇⊣⇕∫⇒ ≀{ ⌉⇕√⟩∇⟩⌋⊣↕ ⊔⟩⇕⌉ ∫⌉∇⟩⌉∫↙ VBR ⌋≀⇕√∇⌉∫∫⌉⌈ V⟩⌈⌉≀ ⊔∇⊣{⊘⌋ ⟩\ ⟨⟩}⟨↖ ∫√⌉⌉⌈ ⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫ \⌉⊔⊒≀∇‖∫ ⟩∫ ⊣ ⌋⊣∫⌉ ⟩\ √≀⟩\⊔⇔ ∫⟩\⌋⌉ ⟩⊔ ⌉§⟨⟩⌊⟩⊔∫ ⊣ ⟨⟩}⟨↕† ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⌉⌈ ⌊⌉⟨⊣⊑⟩≀∇ ⊣\⌈ ⊣ ⊑⊣∇⟩⌉⊔† ≀{ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\∫⇔ ⌈⌉√⌉\⌈⟩\} ≀\ ⊔⟨⌉ ⊑⟩⌈⌉≀ ⌋≀\⊔⌉\⊔ ⊣\⌈ ⌋≀⌈⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊓∫⌉⌈↙ T⟨⟩∫ √⊣√⌉∇ ⌈⌉∫⌋∇⟩⌊⌉⌈ TES √∇≀⌋⌉∫∫⌉∫ ⊣\⌈ ∫⊓}}⌉∫⊔⌉⌈ ⊔⟨⌉ TES ⇕≀⌈⌉↕⟩\} ⇕⌉⊔⟨≀⌈↕≀}† ⊣∫ ⊣ ⊑⌉∇∫⊣⊔⟩↕⌉ ⊣√√∇≀⊣⌋⟨ ⊔≀ ∫≀⊓∇⌋⌉ ⇕≀⌈⌉↕⟩\} ≀{ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⌉⌈ ⊔∇⊣{⊘⌋⇔ ≀{ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ∇⊣\⌈≀⇕ ⌊⟩⊔∇⊣⊔⌉ ≀{ VBR ⌋≀⌈⌉⌈ ⊑⟩⌈⌉≀ ⟩∫ ⊣ ⇕⊣|≀∇ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩⊑⌉↙ T⟨⌉ √⊣√⌉∇ ≀⊓⊔↕⟩\⌉⌈ ⊔⟨⟩∫ ⇕⌉⊔⟨≀⌈≀↕≀}† ⊣\⌈ ⟨≀⊒ ⟩⊔ ⟩∫ ∫⊓√√≀∇⊔⌉⌈ ⌊† ⊣ ⊑⟩∫⊓⊣↕ ⟩\⊔⌉∇⊣⌋⊔⟩⊑⌉ ⇕≀⌈⌉↕⟩\} ⌉\⊑⟩∇≀\⇕⌉\⊔⇔ ⌋⊣↕↕⌉⌈ TES⊔≀≀↕⇔ ⊔⟨⊣⊔ ∫⊓√√≀∇⊔∫ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ ∫⌉⊣∇⌋⟨ ⊣√√∇≀⊣⌋⟨ ⊒⟨⟩⌋⟨ ⌋⊣\ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⌋⊣√⊔⊓∇⌉ ⊔⟨⌉ ⇕⊣∇}⟩\⊣↕ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⊣\⌈ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ ≀{ ⌉⇕√⟩∇⟩⌋⊣↕ ⊔∇⊣{⊘⌋ ⌈⊣⊔⊣↙ T⟨⌉ ⊓∫⌉∇ ⟩\⊔⌉∇{⊣⌋⌉ ≀{ TES⊔≀≀↕ ⌋⊣∫⊔∫ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⟩\⊔≀ ⊣\ ⟩\⊔⊓⟩⊔⟩⊑⌉ ⊣⌋⊔⟩⊑⟩⊔† ≀{ ⇕≀⌈⟩{†⟩\} ⊣ ⊑⟩∫⊓⊣↕ √⊣∇⊣⇕⌉⊔∇⟩⌋ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ⟩\ ∫⇕⊣↕↕ ⟩\⌋∇⌉⇕⌉\⊔⊣↕ ∫⊔⊣}⌉∫↙ T⟨⌉ ⌉{⊘⌋⊣⌋† ≀{ ≀⊓∇ ⊣√√∇≀⊣⌋⟨ ⊒⊣∫ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⌊† ⊔⊒≀ ⌉§⊣⇕√↕⌉∫⇔ ⊒⟨⌉∇⌉ TES ⇕≀⌈⌉↕∫ ⊒⌉∇⌉ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ {∇≀⇕ ⌉⇕√⟩∇⟩⌋⊣↕ ⌈⊣⊔⊣⇔ ≀⌊⊔⊣⟩\⌉⌈ {∇≀⇕ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔∫ ≀{ ⊔⟨⌉ ≀⊓⊔√⊓⊔ ⌊⟩⊔∇⊣⊔⌉ ≀{ ⊑⟩⌈⌉≀ ⌋≀⌈⌉⌋∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊒⌉ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⊔⟨⌉ ⊑⌉∇∫⊣⊔⟩↕⟩⊔† ≀{ ⊔⟨⌉ TES ⊣√√∇≀⊣⌋⟨ ⟩\ ⇕≀⌈⌉↕⟩\} ⌊≀⊔⟨ {∇⊣⇕⌉↖↕⌉⊑⌉↕ ⊣\⌈ }∇≀⊓√↖≀{↖⌊↕≀⌋‖ ⌊⟩⊔∇⊣⊔⌉ ∫⊔∇⌉⊣⇕∫⇔ ∇⌉∫⊓↕⊔⟩\} ⟩\ ⇕≀\≀⊔≀\⌉ ⊣\⌈ ⌋†⌋↕⟩⌋⊣↕ ⊣⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ ∫⊔∇⊓⌋⊔⊓∇⌉⇔ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ W⌉ {≀⊓\⌈ ⊔⟨⊣⊔ ⊓∫⟩\} ⊔⟨⌉ TES⊔≀≀↕ ⇕≀⌈⌉↕⟩\} ⌉\⊑⟩∇≀\⇕⌉\⊔ †⟩⌉↕⌈⌉⌈ ∇⌉⇕⊣∇‖⊣⌊↕† ⊣⌋⌋⊓∇⊣⊔⌉ TES ⇕≀⌈⌉↕∫⇔ ∫√⌉⌉⌈⌉⌈ ⊓√ ⊔⟨⌉ ⇕≀⌈⌉↕⟩\} √∇≀⌋⌉∫∫ ⊣\⌈ ⊣↕↕⌉⊑⟩⊣⊔⌉⌈ ⊔⟨⌉ ⊔⌉⌈⟩⊓⇕ ≀{ ∇⌉√⌉⊔⟩⊔⟩⊑⌉ ∫⌉⊣∇⌋⟨↙

R⌉{⌉∇⌉\⌋⌉∫ ∪∞⊎ P↙ B∇⊣⊔↕⌉†⇔ B↙L↙ F≀§ ⊣\⌈ L↙E↙ S⌋⟨∇⊣}⌉↙ A G⊓⟩⌈⌉ ⊔≀ S⟩⇕⊓↕⊣⊔⟩≀\↙ S√∇⟩\}⌉∇↖V⌉∇↕⊣}⇔ N⌉⊒ Y≀∇‖⇔ NY⇔ ∞∃∀↙ ∪∈⊎ K↙W↙ F⌉\⌈⟩⌋‖⇔ V↙R↙ S⊣‖∫⌉\⊣ ⊣\⌈ W↙ W⟨⟩⊔⊔↙ D⌉√⌉\⌈⌉\⌋⌉ ⟩\ P⊣⌋‖⌉⊔ Q⊓⌉⊓⌉∫↙ IEEE T∇⊣\∫↙ ≀\ C≀⇕⇕↙⇔ ∋¬∞∞∋↖∞∞∀∋⇔ ∞∃∀∃↙ ∪∋⊎ D↙ G⌉⟩∫⊔ ⊣\⌈ B↙ M⌉↕⊣⇕⌉⌈⇔ ⊖TES⊔≀≀↕¬ A\ E\⊑⟩∇≀\⇕⌉\⊔ {≀∇ V⟩∫⊓⊣↕ I\⊔⌉∇⊣⌋⊔⟩⊑⌉ M≀⌈⌉↕⟩\} ≀{ A⊓⊔≀⌋≀∇∇⌉↕⊣⊔⌉⌈ T∇⊣{⊘⌋⪰⇔ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ICC ⊢∃∈⇔ V≀↕↙ ∋⇔ ∞∈∀▽↖∞∈∀∃⇔ ∞∃∃∈⇔ C⟨⟩⌋⊣}≀⇔ I↕↕⟩\≀⟩∫↙

∞∀

∪△⊎ U↙ G∇⌉\⊣\⌈⌉∇ ⊣\⌈ M↙ R≀∫⌉\⌊↕⊣⊔⊔⇔ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ A\⊣↕†∫⟩∫ ≀{ S⊔⊣⊔⟩≀\⊣∇† T⟩⇕⌉ S⌉∇⟩⌉∫⇔ W⟩↕⌉†⇔ ∞∃▽↙ ∪▽⊎ H↙ H⌉{{⌉∫ ⊣\⌈ D↙M↙ L⊓⌋⊣\⊔≀\⟩↙ A M⊣∇‖≀⊑ M≀⌈⊓↕⊣⊔⌉⌈ C⟨⊣∇⊣⌋⊔⌉∇⟩‡⊣⊔⟩≀\ ≀{ P⊣⌋‖⌉⊔⟩‡⌉⌈ V≀⟩⌋⌉ ⊣\⌈ D⊣⊔⊣ T∇⊣{⊘⌋ ⊣\⌈ R⌉↕⊣⊔⌉⌈ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ M⊓↕⊔⟩√↕⌉§⌉∇ P⌉∇{≀∇⇕⊣\⌋⌉↙ IEEE J≀⊓∇\⊣↕ ≀\ S⌉↕⌉⌋⊔⌉⌈ A∇⌉⊣∫ ⟩\ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫⇔ V≀↕↙ SAC↖△⇔ ∀▽↖̸∀∀̸⇔ ∞∃∀↙̸ ∪⊎̸ D↙ J⊣}⌉∇⇕⊣\ ⊣\⌈ B↙ M⌉↕⊣⇕⌉⌈↙ T⟨⌉ T∇⊣\∫⟩⊔⟩≀\ ⊣\⌈ A⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ S⊔∇⊓⌋⊔⊓∇⌉ ≀{ TES P∇≀⌋⌉∫∫⌉∫ P⊣∇⊔ I¬ G⌉\⌉∇⊣↕ T⟨⌉≀∇†↙ S⊔≀⌋⟨⊣∫⊔⟩⌋ M≀⌈⌉↕∫⇔ V≀↕↙ ∀⇔ N≀↙ ∈⇔ ∞∃∋↖∈∞∃⇔ ∞∃∃∈↙ ∪⊎ D↙ J⊣}⌉∇⇕⊣\ ⊣\⌈ B↙ M⌉↕⊣⇕⌉⌈↙ T⟨⌉ T∇⊣\∫⟩⊔⟩≀\ ⊣\⌈ A⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ S⊔∇⊓⌋⊔⊓∇⌉ ≀{ TES P∇≀⌋⌉∫∫⌉∫ P⊣∇⊔ II¬ S√⌉⌋⟩⊣↕ C⊣∫⌉∫↙ S⊔≀⌋⟨⊣∫⊔⟩⌋ M≀⌈⌉↕∫⇔ V≀↕↙ ∀⇔ N≀↙ ∋⇔ △∃∃↖▽∈⇔ ∞∃∃∈↙ ∪∀⊎ D↙ J⊣}⌉∇⇕⊣\ ⊣\⌈ B↙ M⌉↕⊣⇕⌉⌈↙ S√⌉⌋⊔∇⊣↕ A\⊣↕†∫⟩∫ ≀{ B⊣∫⟩⌋ TES P∇≀⌋⌉∫∫⌉∫↙ P∇⌉√∇⟩\⊔⇔ NEC USA⇔ I\⌋↙⇔ P∇⟩\⌋⌉⊔≀\⇔ N⌉⊒ J⌉∇∫⌉†⇔ ∞∃∃∈↙ ∪∃⊎ P↙A↙W↙ L⌉⊒⟩∫ ⊣\⌈ E↙ M⌋K⌉\‡⟩⌉↙ M⟩\⟩⊘⌋⊣⊔⟩≀\ P∇≀⌋⌉∫∫⌉∫ ⊣\⌈ T⟨⌉⟩∇ T∇⊣\∫{≀∇⇕⊣⊔⟩≀\∫↙ J↙ A√√↕↙ P∇≀⌊↙⇔ V≀↕↙ ∈∀⇔ △▽↖▽⇔ ∞∃∃∞↙ ∪∞′⊎ M↙ L⟩⊑\†⇔ B↙ M⌉↕⊣⇕⌉⌈ ⊣\⌈ A↙K↙ T∫⟩≀↕⟩∫↙ T⟨⌉ I⇕√⊣⌋⊔ ≀{ A⊓⊔≀⌋≀∇∇⌉↕⊣⊔⟩≀\ ≀\ Q⊓⌉⊓⟩\} S†∫⊔⌉⇕∫↙ M⊣\⊣}⌉⇕⌉\⊔ S⌋⟩⌉\⌋⌉⇔ ∞∃∃∋ ⇐⊔≀ ⊣√√⌉⊣∇⇒↙ ∪∞∞⊎ B↙ M⌉↕⊣⇕⌉⌈↙ TES¬ A C↕⊣∫∫ ≀{ M⌉⊔⟨≀⌈∫ {≀∇ G⌉\⌉∇⊣⊔⟩\} A⊓⊔≀⌋≀∇∇⌉↕⊣⊔⌉⌈ U\⟩{≀∇⇕ V⊣∇⟩↖ ⊣⊔⌉∫↙ ORSA J↙ ≀\ C≀⇕√⊓⊔⟩\}⇔ V≀↕ ∋⇔ ∋∞↖∋∈∃⇔ ∞∃∃∞↙ ∪∞∈⊎ B↙ M⌉↕⊣⇕⌉⌈⇔ D↙ R⊣†⌋⟨⊣⊓⌈⟨⊓∇⟩⇔ B↙ S⌉\}⊓√⊔⊣ ⊣\⌈ J↙ Z⌈⌉√∫‖⟩↙ TES↖B⊣∫⌉⌈ T∇⊣{⊘⌋ M≀⌈↖ ⌉↕⟩\} {≀∇ P⌉∇{≀∇⇕⊣\⌋⌉ E⊑⊣↕⊓⊣⊔⟩≀\ ≀{ I\⊔⌉}∇⊣⊔⌉⌈ N⌉⊔⊒≀∇‖∫↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ INFOCOM ⊢∃∈⇔ V≀↕↙ ∞⇔ ▽↖∀△⇔ F↕≀∇⌉\⌋⌉⇔ I⊔⊣↕†⇔ ∞∃∃∈↙ ∪∞∋⊎ B↙E↙ P⊣⊔⊓⊒≀⇔ R↙L↙ D⟩∫\⌉† ⊣\⌈ D↙C↙ M⌋N⟩⌋‖↕⌉↙ T⟨⌉ E{{⌉⌋⊔∫ ≀{ C≀∇∇⌉↕⊣⊔⌉⌈ A∇∇⟩⊑⊣↕∫ ≀\ Q⊓⌉⊓⌉∫↙ IIE T∇⊣\⊣⌋⊔⟩≀\∫⇔ ∞∃∃∋ ⇐⊔≀ ⊣√√⌉⊣∇⇒↙ ∪∞△⊎ B↙ W↙ S⌋⟨⇕⌉⟩∫⌉∇↙ S⟩⇕⊓↕⊣⊔⟩≀\ E§√⌉∇⟩⇕⌉\⊔∫↙ I\ H⊣\⌈⌊≀≀‖ ≀{ O√⌉∇⊣⊔⟩≀\∫ R⌉∫⌉⊣∇⌋⟨ ⊣\⌈ M⊣\⊣}⌉⇕⌉\⊔ S⌋⟩⌉\⌋⌉¬ V≀↕↙ ∈ ⇐D↙ H⌉†⇕⊣\ ⊣\⌈ M↙ S≀⌊⌉↕⇔ ⌉⌈⟩⊔≀∇∫⇒↙ N≀∇⊔⟨ H≀↕↕⊣\⌈⇔ N⌉⊒ Y≀∇‖⇔ ∞∃∃′↙ ∪∞▽⊎ D↙↖S↙ L⌉⌉⇔ B↙ M⌉↕⊣⇕⌉⌈⇔ A↙ R⌉⟩⌊⇕⊣\ ⊣\⌈ B↙ S⌉\}⊓√⊔⊣↙ A\⊣↕†∫⟩∫ ≀{ ⊣ V⟩⌈⌉≀ M⊓↕⊔⟩√↕⌉§≀∇ ⊓∫⟩\} TES ⊣∫ ⊣ M≀⌈⌉↕⟩\} M⌉⊔⟨≀⌈≀↕≀}†↙ P⌉∇{≀∇⇕⊣\⌋⌉ E⊑⊣↕⊓⊣⊔⟩≀\⇔ ⊔≀ ⊣√√⌉⊣∇↙ ∪∞⊎̸ P↕≀⇕√⌉\⇔ ⌉⊔↙ ⊣↕↙⇔ ⊖M≀⊔⟩≀\ V⟩⌈⌉≀ C≀⌈⟩\} ⟩\ CCITT SG XV ↖ T⟨⌉ V⟩⌈⌉≀ S≀⊓∇⌋⌉ C≀⌈⟩\}⇔⪰ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ GLOBECOM ⊢∀∀⇔ ∋∞↙∈↙∞↖∋∞↙∈↙∀⇔ H≀↕↕†⊒≀≀⌈⇔ F↕≀∇⟩⌈⊣⇔ ∞∃∀∀↙ ∪∞⊎ A↙ R↙ R⌉⟩⌊⇕⊣\⇔ ⊖DCT↖⌊⊣∫⌉⌈ E⇕⌊⌉⌈⌈⌉⌈ C≀⌈⟩\} {≀∇ P⊣⌋‖⌉⊔ V⟩⌈⌉≀⇔⪰⇔ S⟩}\⊣↕ P∇≀⌋⌉∫∫↖ ⟩\}¬ I⇕⊣}⌉ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\⇔ V≀↕↙ ∋⇔ ∈∋∞↖∈∋⇔ ∞∃∃∞↙

∞∃